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The vapour-screen method of flow visualization 


By I. MCGREGOR 
Royal Aircraft Establishment, Bedford 


(Received 1 April 1961) 


The vapour-screen method of flow visualization in supersonic wind tunnels is 
outlined, and the development of a suitable technique for use in the 3 ft. tunnel 
at R.A.E. Bedford described, together with the associated optical and photo- 
graphic equipment. 

The results of tests to determine the humidity required to produce an optimum 
density of fog in the working section over the Mach number range 1-3-2-0 are 
presented and the influence of tunnel pressure and temperature discussed. 
Numerous vapour-screen photographs of the flow over and behind delta wings 
are included and some comparisons made with the corresponding surface oil-flow 
patterns. 

The process of condensation, the physical and optical properties of the 
resulting fog, and the formation of the vapour-screen picture are all considered 
in some detail. 

The effects of humidity on the Mach number and static pressure in the working 
section were investigated and the results are compared with theoretical estimates 
at a nominal Mach number of 2-0. It is shown that the adverse effects of con- 
densation on the flow at high Mach numbers may be alleviated by the use of 
liquids with a lower latent heat of evaporation than water, and some results 
obtained at a Mach number of 2-0 using carbon tetrachloride vapour are 
described. 

The possibility of extending the vapour-screen technique to transonic and 
subsonic speeds is also considered, and some results obtained at a Mach number 
of 0-85 are included. 


1. Introduction 

The vapour-screen method of flow visualization in supersonic wind tunnels 
was first employed by Allen & Perkins (1951), and since then has been used 
occasionally in other experimental investigations, such as those of Gapeynski 
(1955), Hall, Rogers & Davies (1957), and Jorgensen (1957). The principle of 
the method is very simple. The tunnel is run with moist air, and as the air expands 
through the supersonic nozzle into the working section it cools, and the moisture 
condenses out to form a fog. This is then illuminated by a narrow beam of light 
perpendicular to the axis of the tunnel. Any disturbance in the cross-flow plane, 
such as that caused by a model at incidence, disturbs the uniform distribution 
of fog particles in the plane of the vapour screen, and hence the amount of light 
scattered by the fog. In particular, wakes and vortices from wings and bodies 
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appear as dark ‘holes’ in the screen. However, very little information is available 
concerning such aspects of technique as the humidity required to produce a 
satisfactory screen at different Mach numbers and how this is influenced by such 
factors as tunnel pressure and temperature, or of the effects of the condensing 
vapour on the flow in the working section. 

An extensive research programme on types of flow at transonic and supersonic 
speeds over wings of various planforms, thickness-chord ratios and section shapes 
isin progress in the 3 ft. tunnel at R.A.E. Bedford, and it was felt that the vapour- 
screen method could usefully supplement results obtained from force measure- 
ments and surface oil-flow patterns. In particular, information was sought 
concerning the size and shape of any vortices or regions of separated flow 
existing over the surfaces of the wings. It was considered that, to fulfil this 
function adequately, it would be necessary to achieve a rather better resolution 
of detail than appears to have been realized up to now. The present investigation 
was therefore undertaken to examine the suitability of the method for this 
purpose, to develop a suitable experimental technique, and to establish optimum 
operating conditions over a range of Mach number. 


2. Experimental equipment 
2.1. The 3 ft. wind tunnel 


The wind tunnel used for these tests is continuous running, with a working 
section 3ft. square, and supersonic Mach numbers between 1-3 and 2:0 are 
generated by a series of interchangeable blocks that form a single-sided nozzle 
upstream of the working section. The tunnel is driven by two centrifugal com- 
pressors in series. The total pressure can be varied between 3in. and 60 in. of 
mercury by means of a compressor-evacuator set. Cooling arrangements consist 
of (a) an intercooler between the two compressor stages, and (b) an aftercooler, 
with a rather greater capacity than the intercooler, situated in the maximum 
section of the tunnel immediately before the contraction. The flow of water 
through the intercooler is continuously variable, but only coarse control of the 
aftercooler is possible. Drying of the air in the tunnel is effected by by-passing 
a fraction of the air through driers charged with silica gel which are connected 
across the second stage of the compressor. The quantity of air passing through 
the driers is controlled by a motorized flap valve, and with the driers in reasonably 
good condition a humidity corresponding to a frost-point of about — 40°C is ob- 
tained after 10-15 min. running. The total volume of the tunnel is approximately 
45,000 ft.3, and this humidity represents about 0-3 1b. of water vapour remaining 
in the tunnel circuit. 


2.2. Optical system 


It was considered that the illumination system should provide a beam of light 
that was (a) as intense as possible, (b) narrow, with little variation in width 
across the working section, and (c) sharp-edged, so that a minimum of stray light 
entered the tunnel. 

The light source selected was a 1000 W high-pressure mercury-vapour lamp 
with an effective length of 7-5in. and an external diameter of approximately 
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0-5in. The problem was to produce a beam of light that would satisfy the above 
requirements. The simplest arrangement—a slit with the lamp behind it—was 
rejected on the grounds that to produce a suitable beam would have entailed 
placing the lamp at least 2 ft. behind the slit, and this would cause an excessive 
loss of illumination. A system using cylindrical lenses was next examined, but 
it was considered that the intensity of illumination would not be materially better 
than that given by a simple slit when the beam was satisfactory in other respects. 
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Ficgure 1. Illumination system for vapour-screen experiments. 


The arrangement finally adopted made use of one of the mirrors from the tunnel 
Schlieren system, and proved to be very effective. It is shown in figure 1. The 
80cm diameter concave mirror with a focal length of 4m was used to produce 
an image of the light source in the centre of the working section. To reduce the 
width and lateral spread of the beam, a slit 0-1in. wide was placed just in front 
of the lamp and the sides of the mirror masked, leaving an effective area of mirror 
32x 10in. This arrangement produced a sharp-edged beam of light approxi- 
mately 0-15in. wide by 9in. high in the centre of the working section. Both the 
height and width of the beam increased slightly away from the centre line, but 
even at the windows the width of the beam was only about 0-5 in. 

It was not feasible to move the mirror backwards and forwards to track the 
beam of light along the working section, and this was accomplished by rotating 
the mirror about its vertical axis. As a result, the beam was perpendicular to the 
centre line of the tunnel in only one position, but the maximum deviation of the 
beam from the perpendicular did not exceed 2°. 


2.3. Photographic equipment 
The easiest way to photograph the vapour screen is from the side of the tunnel. 


However, whilst this is adequate for some purposes, the screen is inevitably 


viewed at an appreciable angle, and it is difficult to locate the position of any 
31-2 


on 4 
on 
lis 

a 
% 
Z 
is 
le 
f 

t 

| ane 


484 I. McGregor 


vortices that may be present relative to the model. It was therefore decided to 
photograph the screen from directly downstream. A remotely controlled camera 
was used, mounted at the root of the model sting support. The camera, which 
was driven by clockwork, gave negatives approximately 1 in. square on standard 
35mm film. The shutter was operated by a solenoid mounted alongside the 
camera, but it was not possible to alter the focus from outside the tunnel. 

The wing of a model remote from the light source is in a shadow cast by the 
sting or body, so that in general it is necessary for the field of view of the camera 
to contain only the body and the wing panel nearer the light source. The camera 
was therefore fitted with a telephoto lens of 7-5cem focal length, which gave a 
field of view approximately 10in. square at a position corresponding to the 
trailing edge of a typical 3 ft. tunnel model, and the camera was mounted at a 
small angle to the centre-line of the sting to enable the wing tip of the largest 
model to be included in the picture. 

The camera and its operating solenoid were housed in a cowl constructed from 
brass sheet, with a plate glass window 0-25in. thick to protect the lens. How- 
ever, this cowling caused considerable blockage and it proved impossible to 
start the tunnel at J = 1-3, but no trouble was experienced at higher Mach 
numbers. 


3. Experimental technique 
3.1. Humidity control 


It is necessary to be able to exercise careful control of the humidity if optimum 
results are to be obtained. The procedure evolved for the present tests consisted 
of running the tunnel at the desired total pressure with the driers in circuit for 
a period of about 15min. The driers were then switched out, and a measured 
quantity of water injected into the tunnel. In all the work so far undertaken the 
tunnel has been run at a total pressure below atmospheric, and the water was 
simply sucked in through a static-pressure tapping in the wall of the diffuser, 
where vaporization was almost instantaneous. 


3.2. Temperature control ; effect of the aftercooler 

For the first few tests the tunnel was run in the normal manner with both the 
intercooler and aftercooler in operation. However, it was found that the fog 
produced in the working section was extremely patchy and irregular, some parts 
being practically devoid of any condensation, while in others there were streamers 
of thick fog. This suggested that the temperature distribution across the working 
section was uneven, so a total-temperature probe was constructed to measure 
the distribution. The probe consisted of a tube mounted across the centre of the 
working section with a number of thermocouples arranged along its leading edge. 
The result of a typical survey is given in figure 2, which shows a temperature 
difference of some 20 °C between the ‘hotspot’ near the centre of the tunnel and 
the colder air at the sides. Overhaul of the aftercooler effected some improve- 
ment in the temperature distribution, but only a slight improvement in the 
distribution of fog resulted, and it was still considered to be far too uneven to 
be acceptable. 
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The effect of switching off the aftercooler was then examined. This meant 
that, apart from heat losses from the tunnel shell, the intercooler alone was 
responsible for cooling, which limited the power input if overheating was to be 
avoided. As a result the tunnel could only be run at a considerably reduced total 
pressure. The overheating problem was most serious at the top end of the Mach 
number range, when the mass flow of air around the tunnel circuit was low, but 
the pressure ratio across the compressors high. However, it was found that this 
arrangement gave a perfectly uniform fog in the working section, although it was 
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FicureE 2. Temperature distribution across the working section of the tunnel. 
first necessary to wait until] the tunnel total temperature attained a reasonably 
steady value. For the first run of the day this warming-up period was of the 
order of an hour, but for subsequent runs 10-15 min sufficed. The only dis- 
advantage was that, as the intercooler was always operating at or very near 
maximum capacity, it was not possible to investigate the effect of total tem- 


perature on fog formation. 


3.3. Photographic details—determination of the ‘optimum fog density’ 


From the photographic point of view, the optimum fog density is a compromise 
between two conflicting requirements. If the fog is too thin, a long exposure 
time is needed and there is a risk of light reflexion from the model and the walls 
of the tunnel obscuring the low-contrast vapour-screen picture. On the other 
hand, if the fog is too thick, there is excessive scattering of light by the fog between 
the plane of the vapour screen and the camera lens which results in a very ‘grainy’ 
picture with blurred detail. 

A series of tests was therefore carried out with fogs of different densities, 
photographing the vapour-screen picture produced by a model at incidence, over 
a range of exposure times from 5 to 80sec. The camera was set at an aperture of 
f/4and FP 3 film used. Best results were obtained with what appeared to be a 
quite thin fog as viewed from the side of the tunnel. The corresponding exposure 


time was 20sec. 
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Light reflexion from the model was reduced by painting it with camera black 
and stray light entering the working section was kept to a minimum by masking 
the side windows, leaving only a slit wide enough for the main light beam to enter. 

The combination of long focal-length lens (7-5 cm) and wide aperture setting 
(f/4) resulted in a depth of focus of only +0-8in. at the range normally used 
(3-4 ft.). However, it proved possible to take photographs with no detectable 
loss of clarity 2in. from the nominal focal point, so the screen could be photo- 
graphed at axial positions up to 4in. apart without the need for refocusing. 


4. Experimental results and discussion 
4.1. Scope of tests 


Tests were made to determine the quantity of water required to produce a 
photographically-suitable vapour-screen at Mach numbers between 1-3 and 2-0. 
The effects of humidity on the flow in the working section were also investigated 
and measurements made of the static pressure and Mach number. 


4.2. Presentation of humidity results 


The accepted practice is to present experimental results for tunnel humidity in 
a non-dimensional form, but in this case care is necessary if the results are not 
to be misleading. For example, although tunnel total pressure was found to 
have some effect, the degree of condensation, and therefore of fog density, depends 
essentially on the amount of water present in the tunnel and not on the water/air 
ratio. It is therefore not relevant to express the humidity in terms of lbs of 
water/lb. of air (‘absolute humidity’), as is normally done when condensation 
effects in wind tunnels are being discussed and the amount of heat given up to 
the air by the vapour as it condenses is of prime importance. The stagnation 
relative humidity (the ratio of the actual vapour density to the density of 
saturated vapour at the same temperature) is independent of stagnation pressure, 
but is a function of stagnation temperature, so this is also unsuitable. A para- 
meter which avoids these defects is the frost-point, which defines a unique 
relation between the quantity of water vapour and the volume of the tunnel 
which is independent of stagnation conditions. A curve showing the frost-point 
as a function of the quantity of water added to the nominally ‘dry’ tunnel is 
presented in figure 3, a mean frost-point for the ‘dry’ tunnel of — 41°C having 
been assumed. A few experimental measurements are included and these show 
quite good agreement with the theoretical curve. However, the quantity of 
water-—frost-point relationship is logarithmic in character and whilst very 
sensitive at low humidities, in the range of interest of these tests the sensitivity 
is only of the order of 2 °C change in frost-point per pint of water added. In view 
of this fact, and of the difficulty of making reliable frost-point measurements, 
it was decided that the most straightforward way to describe the humidity was 
directly in terms of quantity of water added to the ‘dry’ tunnel, but scales 
showing the frost-point or absolute humidity (when the effects of condensation 
on static pressure and Mach number are being considered) have been added to 
the figures where appropriate. 


lack 
king 
iter, 
ting 
ised 
ble 


a 
ted 


Flow visualization 487 


Pints of water added to ‘dry’ tunnel 


Theoretical curve 


Experimental points 


Frost-point (°C) 


30 
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in the tunnel circuit, and 
represents the average ‘dry tunnel’ 
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FicureE 3. Relation between the quantity of water added 
to the tunnel and the frost-point. 


4.3. Quantity of water required to produce a satisfactory vapour screen 


As described in § 3.3, the optimum fog density was found by injecting measured 
quantities of water into the tunnel and photographing the resulting vapour 
screen. Examination of the photographs then gave an optimum range of humidity. 
This detailed determination was only carried out at two Mach numbers, 1-51 
and 1-81, and for other Mach numbers the range of humidity over which a satis- 
factory screen was produced was estimated visually. The results of these tests 
are presented in figure 4. The results for the various Mach numbers were not 
obtained at exactly the same total pressure and temperature, but are sub- 
stantially correct for a value of p, = 12in. of mercury and 7, = 45°C. It must be 
mentioned here that the Mach number quoted is that developed by the nozzle 
with dry air: above about M = 1-6 there is a marked humidity effect on the flow 
and the actual Mach number when a vapour screen is present is considerably 
less than with dry air. 
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Several points of interest arise from this curve. The limits of the humidity 
range for a satisfactory vapour screen are a subjective matter not capable of 
precise determination, but, even allowing for this, the range of humidity over 
which a satisfactory screen is produced is quite small; the humidity at which 
the fog density tends to be too thick is only some 25-30 % greater than that at 
which it tends to be too thin. Secondly, there is the very rapid increase in 
humidity required at Mach numbers less than 1-5. The quantity of water vapour 


or Humidity at which static 
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0 -35 

1-2 1-4 16 13 2.0 
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Ficure 4. Effect of Mach number on the quantity of water required to produce a satis- 
factory vapour screen. Total pressure = 12 in. Hg, total temperature = 45°C. 


required to saturate a given volume increases very rapidly with temperature at 
low temperatures (figure 5), and the higher working section static temperature 
at the lower Mach numbers is sufficient to cause a large increase in the humidity 
necessary for saturated flow in the working section. It is well known that a con- 
siderable degree of supersaturation is necessary to cause condensation in a super- 
sonic nozzle, so a curve has been added to figure 4, which shows the quantity of 
water required to produce a 15-fold supersaturation in the working section 
at a total temperature of 45°C, the assumption being made that the working 
section static temperature is the same as with dry air. It is seen that this curve is 
very similar in shape to that denoting the quantity of water required to produce 
a satisfactory vapour screen. The third feature is that the humidity required 
reaches a minimum value at a Mach number of about 1-6 and thereafter shows 
a slight increase. Above M = 1-6, it seems likely that virtually all the water added 
to the tunnel is condensed out, so that if the fog is to be of constant density then 
the stagnation humidity must increase to allow for the greater expansion of the 
flow with increasing Mach number, i.e. the quantity of water it is necessary to 
add will vary inversely with the density in the working section. 

There are no theoretical reasons for supposing that the quantity of water 
required to produce a satisfactory vapour screen can be simply expressed in 
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Figure 5. Density of saturated water vapour as a function of temperature. 


terms of known properties of the flow, but as a reasonable approximation over 
the experimental range it is given by 
W = +0-00003, 
V 
where W = quantity of water required to produce a satisfactory vapour 
sereen (Ib.), 

V = total volume of the tunnel (45,000 ft.*), 

p, = stagnation density of the air, 
density of air in the working section (assuming isentropic flow), 
Wear. = density of saturated water vapour at the working section static 

temperature under isentropic conditions (lb./ft.*). 


The variation of w,,4, with temperature is shown in figure 5. The volume of the 
working section is small compared with that of the settling chamber so that 
(p/e,) W/V is approximately equal to the density of the mixture of fog and un- 
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condensed water vapour in the working section. The factor 18 may be considered 
as the degree of supersaturation necessary to cause condensation and 0-00003 
Ib./ft.3 as the mean density of the condensed fog particles in the working section, 
but this interpretation should not be taken too literally. 
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Ficure 6. Effect of tunnel total pressure on the quantity of water required to produce a 
satisfactory vapour screen at a Mach number of 1-41. Total temperature = 44°C. 


It was mentioned earlier that it was not possible to investigate the effects of 
total temperature on fog formation, but some idea of its effect on the quantity 
of water required may be gained from the above equation. The critical parameter 
is the working section static temperature, 7. When this is less than about 
— 60°C, the term 18vz,,, is negligible in comparison with 0-00003, so that 
provided 7, continues to be less than about — 60°C, changing 7} will have little 
effect. However, if a change in 7; causes 7), to rise appreciably above — 60°C, 
the magnitude of the term 18v,,, increases very rapidly and so the humidity will 
have to be increased to maintain a satisfactory vapour screen. 

The effects of tunnel total pressure on fog formation were investigated at a 
nominal Mach number of 1-41. The total pressure p, was varied between 18 and 
4-5in. of mercury, and 7; held at 44°C (+0-5°C). The results are presented in 
figure 6 and show that as the total pressure was reduced, an increasing quantity 
of water had to be added to the tunnel to produce a satisfactory vapour screen. 
A possible explanation for this is as follows. When the water vapour condenses 
to form droplets of liquid water, the latent heat of evaporation is liberated and 
absorbed by the surrounding air, causing a rise in temperature. If the total 
pressure is reduced, the amount of heat absorbed by the air per unit mass of 
water vapour condensed is unchanged, but since there is a smaller mass of air 
the rise in temperature is greater. This rise in working section static temperature 
increases the saturated vapour density in the working section, so a greater initial 
humidity is necessary to produce the same amount of condensation. 
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At Mach numbers above about 1-6 it is expected that the effect of total pres- 
sure will not be so marked as at .W = 1-41, since then a much greater proportion 
of the water vapour present is condensed out in the working section. 


4.4. Physical appearance and characteristics of the vapour screen 


On the addition of a small quantity of water to the ‘dry’ tunnel no visible con- 
densation could be detected, even if, as occurred at nominal Mach numbers of 
1-81 and 2-00, a rise in working section static pressure indicated that a con- 
densation shock was present. On further increasing the humidity, a point was 
reached where the outline of the beam of light could just be discerned in the 
working section, giving rise to a very faint, deep blue vapour screen. The approxi- 
mate humidity at which this blue haze could first be detected was noted and is 
plotted as a function of Mach number in figure 4 and of total pressure in figure 6. 
In both cases it is seen to vary in a similar manner to the quantity of water 
required to produce a satisfactory vapour screen. 

Further development of the vapour screen with humidity depended on Mach 
number. At Mach numbers up to and including 1-51, the screen at first became 
slightly denser, but it then gradually acquired an iridescent character in which 
wide vertical bands of violet, blue, green and yellowish green light could be 
clearly seen when viewed from a suitable position. At the higher Mach numbers, 
the blue haze just became denser and slightly paler in colour. 

The optical properties of fogs are rather complex and it is not proposed to 
enter into a detailed study here, but some consideration of the observed pheno- 
mena can yield interesting information concerning certain physical character- 
istics of the fog. Suppose a beam of light is projected through air containing a 
large number of very small particles in suspension (of radius less than 10~°in., 
say), whose size is small relative even to the wavelength of visible light (wave- 
length 1-6 x to 2-7 x 10-'in.). In such circumstances a scattering of the 
light will take place (Tyndall effect), the scattering being much more pronounced 
for light of the shorter wavelengths than for the long. It is believed that such light 
scattering was responsible for the bluish colour of the vapour screen when the 
humidity was such that condensation could first be detected by eye. On in- 
creasing the humidity, the fog particles increase in size. True scattering will also 
increase (in proportion to the increase in surface area of the particles) and will 
tend to occur more equally for light of all wavelengths, but effects due to dif- 
fraction of the light may also become important if the particles exceed a certain 
critical size. With a spherical particle, the intensity of the diffracted light passes 
through a series of maxima and minima in directions making an angle 6 with the 
original direction of the beam, given by the classical diffraction formula 
sin@ = kA/r, where A = wavelength of the light, r = radius of the spherical 
particle and k = a constant. The first maximum occurs when k = 0 (undeflected 
light), and the first minimum when k = 0-61. Further maxima occur when 
k = 0-810 and 1-333, and minima when k = 1-116 and 1-619. The intensity with 
k = 0-810is only 1-7 % of the incident light and the subsequent intensity maxima 
are smaller still. However, it follows that for each wavelength there are certain 
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directions relative to the direction of the incident light along which light of that 
particular wavelength has a maximum or minimum intensity, so the diffracted 
light is split up into a spectrum. In the case of the vapour screen, there is a very 
large number of illuminated water droplets, each diffracting some of the light 
striking them, so that viewed at an angle from the side of the tunnel, bands of 
coloured light might be expected to appear across the screen in spectral order, 
with red nearest the observer (long wavelength and correspondingly large value 
of @ for maximum intensity). This is in agreement with observation at Mach 
numbers between 1-3 and 1-5, with the exception that no red or orange bands were 
detected. A possible explanation for the absence of these colours is discussed 
later. 

The existence of these coloured bands implies that all (or the greater part) of 
the water droplets forming the fog must be of nearly uniform size. If there is 
a variation in size, each droplet will diffract the light differently. With a large 
number of droplets whose size varies in a random manner, the resultant diffracted 
light would presumably appear white, since if a particular direction were the 
direction for maximum intensity for a certain wavelength from one droplet, 
there would be other droplets for which this direction was the direction of 
maximum intensity for other wavelengths, giving, in effect, a continuous 
spectrum. 

It is possible to obtain an estimate of the size of the droplets in the fog by 
observation of the coloured bands in the vapour screen. A test was made at a 
Mach number of 1-41, with a total presure of 12in. Hg and a total temperature 
of 46°C. With 11 pints of water added to the ‘dry’ tunnel (the quantity neces- 
sary to produce a satisfactory vapour screen under these conditions), it was 
found that the first and second intensity maxima for blue light occurred at angles 
of 30° and 55° respectively to the direction of the original light beam. The wave- 
length of blue light is approximately 1-8 x 10~>in., so from the first maximum 
we have 

0-810 x 1-8 x 10-5 
sin30° 
and from the second 


= 10-5in., 


1-333 x 1-8 x 10-5 
2-9 x 10-5in. 


Such perfect agreement between the two results must be considered fortuitous, 
since it was not possible to measure the angles to better than about 2°, but it 
may be concluded fairly confidently that in this case the radius of the droplets 
is about 3x 10-%in. This is of the same order as the size of the droplets in an 
artificial fog (produced by the sudden expansion of some wet air in a flask) as 
measured by Stodola (1927), using a light-diffraction method. 

It was mentioned above that no red or orange bands were observed in the 
vapour screen. Assuming a droplet radius of 2-9 x 10-5 in., the first maximum for 
red light should occur at an angle 


= 49°, 


0-810 x 2:7 x 10-5 
2-9 
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The second maximum for violet light will occur at an angle 


1-333 x 16x 10-5) 
2-9 x 10-5 wis 


0= 
There is thus some overlapping of the first maximum for light of long wavelength 
with the second maximum for light of short wavelength. Now the spectrum of 
the mercury vapour lamp is rich in blue and violet light but rather deficient in 
red and orange, so that although the second maximum for violet is less intense 
than the first, it is probably still stronger than the first maximum for red or 
orange. This offers a plausible reason why the red or orange bands could not be 
detected. 

With regard to the change in character of the screen between Mach numbers 
of 1-5 and 1-6, it seems probable that this is due to a change in the mechanism 
of condensation, which results in a greater number of smaller particles being 
formed at the higher Mach numbers, so that dispersion of light by the fog remains 
a true scattering effect without diffraction. In addition to this change in size, 
a change in the nature of the fog particles from water droplets to ice crystals is 
also likely, although the two effects are not related. It is known from the work 
of Mason (1957) and others that small droplets of pure water can be supercooled 
to approximately — 40°C before freezing takes place, when cooled slowly. With 
droplets formed during the rapid expansion of saturated water vapour, an even 
greater degree of supercooling appears necessary, and Sander & Damkohler 
(1953) have shown that under such conditions, a temperature of approximately 
— 62°C is required before ice crystals form. It may be that at these low tem- 
peratures the vapour condenses directly into ice crystals without passing through 
the liquid phase, but this point is uncertain. However, a temperature of — 62°C 
corresponds to the working section static temperature at a Mach number of 1-59 
under isentropic conditions and with a total temperature of 45°C, so that at the 
higher Mach numbers the observed fog almost certainly consisted of ice crystals. 


4.5. The mechanism of condensation 


A saturated or supersaturated vapour will condense only if there are ‘con- 
densation nuclei’ present. These nuclei can be of two forms—minute particles 
of dust or other foreign matter, and nuclei which are generated spontaneously in 
the vapour by random molecular aggregation. Nuclei of the former type are 
invariably present to a greater or lesser degree, but whilst groups of molecules 
are continually forming in any gas or vapour, they are unstable and immediately 
break up again, and so cannot form condensation nuclei unless the vapour is 
heavily supersaturated. When condensation occurs on foreign nuclei, the 
number of droplets formed per unit volume is limited by the number of nuclei 
present, and the rate at which the vapour condenses is determined by the rate 
at which the droplets can grow, which in turn depends on the degree of super- 
saturation, the rate of diffusion of vapour molecules on to the surface of the 
droplets and the rate of transfer of the latent heat of evaporation away from the 
droplets. On the other hand, with seif-generated nuclei, the number of nuclei 
per unit volume can reach astronomical figures when the vapour is sufficiently 


hat 
ted 
ery a 
ht 
of 
ler, 
lue 
ch 
ore 
ed 
of 
1S 
ge 
ed 
he 
ae 
of 
Is 
a 
S 
8 
1 
= 


494 I. McGregor 


supersaturated and condensation can take place extremely rapidly (conden- 
sation ‘shock’), leading to a very large number of minute droplets. These two 
condensation processes and their relative importance in wind tunnels were first 
discussed in detail by Oswatitsch (1941), who concluded that in supersonic 
tunnels the effects of foreign nuclei could be neglected. In the present case, 
however, it is believed that at Mach numbers up to and including 1-51, condensa- 
tion is occurring principally on foreign nuclei and that only at higher speeds 
do self-generated nuclei become predominant. The reasons leading to the adoption 
of this conclusion are discussed at some length in Appendix I. It must be em- 
phasized that this conclusion is only valid for the 3 ft. tunnel for the particular 
conditions under which it was operated, and does not necessarily apply in general. 
It is shown, for instance, that a reduction in total temperature considerably 
decreases the importance of foreign condensation nuclei. The question of tunnel 
size is also considered briefly and it is concluded that in a smaller tunnel a greater 
stagnation humidity will be necessary to produce the same density of fog in 
the working section at the same total pressure and Mach number. 


4.6. Effect of humidity on working-section static pressure and Mach number 
Measurements were made of the variation of the working section static pressure 
with the quantity of water added to the tunnel at several Mach numbers, and 
the results, expressed as the ratio of the actual static pressure to the pressure 
with dry air, p/pgy,, are presented for nominal Mach numbers of 1-51, 1-81 
and 2-00 in figures 7 and 8. The actual Mach number in the working section was 
measured at nominal Mach numbers of 1-51 and 2-00 by sticking strips of cellulose 
tape approximately 0-003 in. thick on the top and bottom walls of the tunnel 
just ahead of the windows. These generated very weak shock waves (effectively 
Mach waves), which were photographed using the tunnel Schlieren system. The 
included angle between the two waves (equal to twice the Mach angle) was 
measured from photographic enlargements and the actual Mach number ob- 
tained. The variation of actual Mach number with humidity is shown in figure 8. 

At Mach numbers less than 1-51, it is possible to obtain sufficient condensation 
to produce a satisfactory vapour screen without affecting either the working 
section static pressure or Mach number. In this Mach number range it is believed 
that condensation is occurring progressively on foreign condensation nuclei 
without a condensation shock. At the higher Mach numbers a condensation shock 
is clearly present, and at a certain humidity the static pressure suddenly starts 
to increase and the working section Mach number to decrease. The humidity at 
which the static pressure diverges by 1°% from the ‘dry’ value is a convenient 
indication of the onset of the condensation shock, and this humidity is shown as 
a function of Mach number in figure 4 for a stagnation pressure of 12in. Hg. 

Tt will be noted from figure 4 that at 17 = 1-81 and 2-00 a condensation shock 
occurs at a lower humidity than that at which fog is first visible in the working 
section, whilst at Mach numbers less than 1-6 there may be visible condensation 
without a condensation shock. Thus, as has been previously pointed out by 
Oswatitsch (1941), the appearance or disappearance of fog in the working section 
is not a reliable guide to the presence or absence of condensation effects. 
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Once a condensation shock is established, the working section static pressure 
does not necessarily increase steadily with increasing humidity. At both JJ = 1-81 
and 2-00 (figures 7 and 8) there is a range of humidity, soon after the condensation 
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Ficure 7. Effect of humidity on working-section static pressure at nominal Mach numbers 
of 1:51 and 1-81. (a) M,,, = 1-51; total pressure = 13-2 in. Hg; total temperature = 
44°C. (b) M,,. = 1:81; total pressure = 12-0 in. Hg; total temperature = 48°C. 


shock forms, over which the static pressure is constant, and at M = 1-51 and 
1-81, at the maximum humidity investigated, the rate of increase of pressure 
with humidity is again nearly zero. The reason for this is uncertain, but it may 
be associated with the passage of a reflexion of the condensation shock across 
the tunnel static-pressure tappings. At a nominal Mach number of 2-0, the actual 
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Absolute humidity (lb. water/Ib. air) 


0-001 0-002 0-004 0.006 


From measurement of Mach angle 


Theory of Monaghan (1956) 
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Ficure 8. Effect of humidity on actual Mach number and static pressure in the working 
section at nominal Mach numbers of 2-00 and 1:51. (a) M,,, = 2-00; total pressure = 
9-0 in. Hg; total temperature =47°C. (b) = 1-51; total pressure = 13-2 in. Hg; 
total temperature = 42°C. 


Mach number in the centre of the working section decreases monotonically with 
increasing humidity and does not show any discontinuities. The rate of decrease 
of Mach number with humidity is greatest immediately after the condensation 


shock forms. 

Making the assumption that the flow is one-dimensional and isentropic before 
and after condensation shock, Monaghan (1956) has derived certain approximate 
relations (see Appendix IT) for the working section static pressure and Mach 
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FicureE 10, plate 1. Vapour-screen photographs 


of the flow behind a cambered delta wing at 
M = 1-88 (.M,,, = 2-00). 


Figure 9, plate 1, Vapour-screen photographs of 
“theflow behind a cambered delta wing at = 1-51. 
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Figure 11, plate 2. 
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Vapour-screen photographs of the flow over the 


upper surface of a plane wing at MV = 1-75 (My, = 1:81). 
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Arrows show position of reattachment, as given by oil- 
flow pattern 


Ficure 12, plate 3. Comparison of surface oil-flow and vapour-screen 
results on a plane wing at 


show position of reattachment, as given by 
oil-flow pattern 
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Frevure 13, plate 3. Comparison of surface oil-flow and vapour-sereen 
results on a cambered wing at 1-51,a=8°. 
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FiGure 17, plate 6. Vapour-screen photographs FiGuRE 18, plate 6. Vapour-sereen photographs 
of the flow just behind a delta wing, using of the flow just behind a delta wing, using water 
carbon tetrachloride vapour, 1-96. vapour, = 1-88 = 2-00). 
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number when a condensation shock is present in the nozzle. These theoretical 
values have been compared with the experimental results at a nominal Mach 
number of 2-00. Details of the calculations are also given in Appendix IT, and 
the resulting values of M and p/pq,, have been added to figure 8. The calculated 
Mach number compares well with experiment at the lower humidities, but the 
theory overestimates the effect on Mach number as the humidity is increased. 
The ‘step’ in the experimental value of p/pq,, is not predicted, of course, but the 
mean rate of increase of static pressure with humidity is approximately correct. 


5. Some typical vapour-screen photographs 

The object of this section is to introduce a selection of typical vapour-screen 
photographs obtained with a series of wing-body combinations and to point out 
features of particular interest, but it is not proposed here to relate details of the 
flow revealed by these photographs to the general aerodynamic characteristics 
of the wings. A brief comparison is made, however, between some results obtained 
with the vapour-screen technique and the corresponding surface oil-flow 
patterns. 

The models consisted of various delta wings mounted on the cylindrical part 
of an ogive-cylinder body. With the exception of that used in § 5.4, all the wings 
had a leading edge sweep of 65° and a thickness/chord ratio of 0-04. The extreme 
tips of the wings were removed, giving a taper ratio of 0-05, based on the root 
chord c, of the exposed wing. In all cases, free boundary-layer transition was 
permitted. 


5.1. Flow behind a cambered wing at two different Mach numbers 


A series of vapour-screen photographs showing the flow a distance 0-05c, behind 
the trailing edge of a cambered wing, at a number of different incidences, at 
actual Mach numbers of 1°51 and 1-88 (/,, = 2:00) are presented in figures 9 
and 10 (plate 1). The wing was of R.A.E. 101 section and cambered conic- 
ally with respect to the apex of the gross wing to give an approximately elliptic 
spanwise loading at a lift coefficient of 0-15 at M = 1-57. The photographs are 
reproduced at approximately 2 x model scale, and, from the point of view of 
technique, the most remarkable feature is the wealth of fine detail shown at low 
incidences, particularly at the higher Mach number. Forexample, at incidences of 
3° and 4° a tiny vortex about 0-05in. diameter can be clearly seen behind the 
extreme tip of the wing. With increase of incidence, this vortex grows in size and 
retains its roughly circular form, but at incidences less than 3° it becomes merged 
with a more complex flow originating on the undersurface of the wing in the tip 
region. At M = 1-88, the flow near the tip at zero incidence is particularly 
intriguing. 

Considerable differences in the flow over the upper surface of the wing may be 
observed between the two Mach numbers. At MW = 1-51, the flow appears to be 
completely attached to the wing surface up to 4° incidence, but at WZ = 1-88 the 
photographs suggest that the flow is separating at incidences greater than about 
1°. The design lift-coefficient for the camber corresponds to an incidence of 
approximately 4°, so it appears that the camber is successful in delaying leading 
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edge separation at Mach numbers near the design value. In general, the inboard 
end of the vortex region is more clearly defined at M = 1-88, a rather thick wake 
from the inner half of the wing tending to obscure it at the lower Mach number. 
Also, the shape of the vortex region is more irregular at M = 1-88, and there is 
a sudden increase in its spanwise extent between 6° and 8° incidence. This is 
probably due to the presence of a shock wave above the vortex, which can be 
seen in the photograph at 10° incidence. The shock is rendered visible by the 
change in density which occurs across it. At this Mach number, condensation 
is virtually complete, and, in the absence of extraneous forces on the fog particles, 
the number of particles per unit volume (and hence the amount of light scattered) 
will be directly proportional to the local air density. On passing through a 
shock wave the air undergoes a very rapid deceleration which the fog particles 
cannot follow owing to their much greater inertia. A relative velocity therefore 
exists between the air and the fog particles, but a simple calculation shows that 
this will be quickly reduced to zero by the action of viscosity and, a short? 
distance after passing through the shock, steady-state conditions will be re- 
established and the fog density will again be proportional to the local air density. 
The expansion over the leading edge causes a reduction in density and the screen 
darkens progressively from the leading edge towards the terminal shock. At the 
shock there is a sudden increase in density and the screen appears lighter due to 
the greater concentration of fog particles. The position of the shock therefore 
corresponds with the boundary between the darker and lighter regions, and some 
idea of the shock strength may be gained from the change in shade between the 
two regions. These effects are shown up much more clearly in figure 11 than in 
the present example. 

A row of small black patches about 0-lin. in diameter is visible behind the 
inner part of the wing at JJ = 1-88 and 1° incidence (figure 10). It is believed that 
these are due to streamwise vortices in the boundary layer, caused by an in- 
stability of the three-dimensional shear flow in the region of the swept leading 
edge, the continuous transverse shear breaking down into a number of discrete 
vortices. They are probably also present at J = 1-51, the wake behind the wing 
at 1° and 2° incidence having a rather jagged appearance, but are not nearly so 
distinct as at the higher Mach number. 

White streaks or patches can be seen in all but one of the photographs at 
M = 1-51, below the wing at negative incidences and above it at positive in- 
cidences. Originally these were thought to be of no account and due merely to 
light reflection from the body. However, it now seems certain that they are 
caused by additional condensation in regions of local flow expansion around the 
model. The matter is considered further in § 5.4. No condensation streaks were 
ever encountered at Mach numbers above 1-51. 

t The relative velocity Au at time ¢ after passing through the shock wave is given 
approximately by Au = Au, exp [— 18yt/d?wz], where d is the diameter of the particle 
(assumed to be spherical), wz its density (slug/ft.?) and yu the viscosity of the air (lb. sec/ft.?) 
For a spherical particle of radius 10~- in., the relative velocity will be reduced to 1% of 


its initial value in a time of approximately 5 x 10~®sec, i.e. in a distance of less than 0-1in. 
after passing through the shock wave. 
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5.2. Flow over the upper surface of a plane wing at M = 1-75 
Some photographs of the flow over the upper surface of a plane delta wing at an 
actual Mach number of 1-75 (J/j,, = 1-81) are shown in figure 11 (plate 2). The 
wing was of the same section (R.A.E. 101, 4% thick) as before, but uncambered. 
The plane of the vapour screen was located approximately 0-28c, ahead of the 
trailing edge. 

As mentioned previously, a shock wave is clearly visible above the wing 
vortex in this case, its strength increasing quite sharply with incidence above 10°. 

An interesting change in the flow pattern occurs at an incidence of about 10°. 
Below this angle the flow separates from the leading edge, but later re-attaches, 
leaving a closed bubble containing a vortex on the wing surface. At higher 
incidences, however, a sheet of vorticity can be seen springing from the leading 
edge and rolling up into a vortex some distance above the surface. This vortex 
induces an outflow near the wing surface, but the outflow itself appears to separate 
and form a secondary vortex underneath the main vortex sheet. 

Two further vortices close to the body at 15° and 18° incidence can be identified. 
The upper is one of a pair of body vortices caused by separation of the cross-flow 
over the forward part of the body at high incidence. The lower appears to be a 
wing-body junction vortex of the type described by Stanbrook (1959), which is 
caused by the interaction of the body boundary layer with the leading edge of the 
wing. A vortex sheet can be seen separating from the body at an angular position 
approximately 40° above the plane of the wing and rolling up to form this vortex. 


5.3. Comparison of surface oil-flow and vapour-screen 
techniques on two wings at M = 1-51 


Figures 12 and 13 (plate 3) have been prepared so that details of the flow shown 
by the vapour screen may be easily compared with those given by surface oil-flow 
patterns. Both of these figures show vapour-screen photographs obtained 
just behind the trailing edge and at three stations on a wing at 8° incidence, 
at a Mach number of 1-51, together with a photograph of the oil-flow pattern 
(obtained using a mixture of heavy oil and titanium dioxide with a trace of 
oleic acid as anticoagulant) at the same conditions. The two wings used were 
the plane and cambered 4°%-thick delta wings referred to above, figure 12 
(plate 3) showing the results for the plane wing. 

The only significant differences shown by the oil-flow patterns are that, on 
the cambered wing, separation occurs slightly further aft of the leading edge, and 
the reattachment line is slightly curved. However, the vapour-sereen pictures 
show that the height and area of the vortex region and the angle at which the 
flow separates from the wing surface are appreciably greater in the case of the 
plane wing. The vapour-screen photographs on the cambered wing also show what 
appear to be three small vortices in the boundary layer inboard of the main 
leading edge vortex. There is no indication of these vortices in the oil-flow 
pattern, and their origin is obscure. They may also be seen in the photograph at 
6° incidence in figure 9 (plate 1), but there is no similar effect on the plane wing. 

The position of reattachment may be obtained with considerable accuracy 
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from the oil-flow patterns, and this point has been marked on the vapour-screen 
photographs for the three stations on the wing. Close examination of the vapour- 
screen photograph at the 0-95c, station on the plane wing reveals that the flow 
immediately above the wing may be divided into three parts—a black region over 
the outer part of the wing, shaped roughly like a segment of a circle and which 
appears to be devoid of fog particles, a grey region which extends as a narrow 
band above the wing surface from the inboard end of the black region to the 
body, and a thin bright line running from the body to the leading edge of the 
wing which forms an upper boundary to both the grey and black regions. It 
appears that the point of reattachment coincides with the inboard end of the 
black region, so it is not unreasonable to suppose that the size and shape of this 
region correspond fairly closely with those of the actual leading edge vortex. 
At the other vapour-screen stations, and on the cambered wing, it is virtually 
impossible to distinguish between these two regions and they appear as a single 
dark region, but in general reattachment occurs at a spanwise position near the 
point of inflexion of the bright line surrounding the dark region. This line, and the 
dark region over the inner part of the wing where the flow is attached, are 
characteristic of results obtained at Mach numbers up to 1-51. Above this speed, 
as shown in figures 10 and 11 (plates 1 and 2), the inboard end of what is assumed 
to be the leading-edge vortex is quite sharply defined and there is no contiguous 
dark band over the inner part of the wing. In §6, it is suggested that this differ- 
ence is due to the smaller size of the fog particles at the higher Mach numbers. 


5.4. An interesting phenomenon at M = 1-32 


At an early stage of the present investigation, when fog formation at different 
Mach numbers was being studied, a test was being performed at a Mach number 
of 1-32. As usual during these tests, a model was mounted in the tunnel so that 
the quality of the vapour-screen picture could be judged. As the beam of light 
was being moved further aft behind the model, a most interesting phenomenon 
occurred. In addition to the normal black patches on the screen caused by 
vortices from the wing, a symmetrical pattern of bright blue lines developed, 
which appeared to emanate from the centre of the screen and become entwined 
with the wing vortices. It is not possible in a black and white reproduction to 
recapture fully the striking nature of this effeet—a pattern in blue and black 
on an iridescent background half green, half violet-—but the photographs in 
figure 14 (plate 4), which were originally taken on colour film, give a good 
impression of the phenomenon. The model used was similar to those described 
previously. but fitted with a 55° leading-edge-sweep delta wing of R.A.E. 101 
section. 6°) thick. The plane of the vapour screen was located approximately 
%-5in. (1-2 wing-root chords) behind the trailing edge of the wing. The blue lines 
were present even at zero incidence, when they formed a roughly triangular shape 
behind each wing panel, with the apex towards the body. Theirshape changed as 
incidence was applied, the upper side of the triangle becoming curved and the 
lower side swinging round as if to unite with the wing vortex. 

The lines from the body became rather diffuse by about 7° incidence, but two 
blue lobe-like shapes appeared in the screen on top of the sting on which the 
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model was mounted. With further increase of incidence the vertical height of 
the lobes increased and their tips assumed a whitish tinge. It was found that on 
moving the light beam towards the model the main pattern of blue lines became 
fainter, and they disappeared completely when the beam was about 6in. from 
the trailing edge of the wing. The blue lobes above the body at high incidence 
persisted, however, until the beam was ahead of the trailing edge. : 

At the time, the origin of the blue lines was the subject of much speculation. 
No quite similar effect could be found at other Mach numbers, although at 
M = 1-41 and 1-51 blue lobes could be seen at high incidence when the light beam 
was behind the wing trailing edge. The matter was finally resolved when a long, 
slender body of revolution was being tested at a Mach number of 1-41. The light 
beam was located towards the rear of the body and the model happened to be at 
a considerable incidence while water was being added to the tunnel. It was 
discovered that two faint blue lobes could be seen above the body in the path of 
the light beam before the humidity was sufficient to produce a visible vapour 
screen. It was therefore concluded that the blue coloration was due to local 
condensation, caused by flow expansion in the immediate vicinity of the model. 

This explanation further confirms the mechanism of condensation proposed in 
$4.5. No blue lines were detected under any conditions at a Mach number 
greater than 1-51. However, condensation occurs at a condensation shock above 
this Mach number and the flow is not supersaturated after the shock. It is 
therefore not possible for additional condensation to occur at the model. At 
Mach numbers up to and including 1-51, it is believed that the primary condensa- 
tion occurs on foreign nuclei and only a fraction of the water vapour present in 
the working section is condensed out. The flow is still well supersaturated and 
secondary condensation may occur in any region where expansion of the flow is 
sufficient to raise the local level of supersaturation above the critical value. In 
view of the comparatively small size of the regions causing additional con- 
densation, it is probable that such condensation occurs on self-generated nuclei. 
This implies that there may be condensation shocks in the vicinity of the model, 
but it is considered that the influence of these shocks on the overall flow around 
the model is likely to be very small. 


6. The formation of the vapour-screen picture 


The mechanism by which a shock wave is rendered visible by the vapour screen 
has already been discussed in § 5.1. We will now consider briefly other ways in 
which the uniform distribution of fog particles may be disturbed sufficiently to 
produce noticeable changes in the amount of light scattered by the fog. 

A priori, two causes would appear to be responsible—heating, so that the fog 
particles tend to evaporate, and failure of the fog particles to follow the motion of 
the airin regions of flow curvature or acceleration due to their much greater inertia. 

Heating due to compression will only occur to a significant extent near a 
stagnation point or through a strong shock wave, but in these circumstances 
effects due to droplet inertia will be much more important. Other regions in 
which the temperature may be considerably above the stream temperature are 
the boundary layer and regions of low mean velocity after boundary-layer 
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separation. However, Crane (1959) has deduced from measurements of recovery 
temperature that in a laminar boundary layer no re-evaporation occurs and that 
with a turbulent boundary layer re-evaporation is only partial. It therefore 
appears that localized temperature effects are not important in the formation 
of the vapour-screen picture, except possibly in the case of wakes behind wings 
or bodies at low incidence. 

Effects due to droplet inertia occur in two distinct regions—the region near 
the leading edge of a wing or the front stagnation point of a body, and regions 
of vortical flow. The behaviour of water droplets in the neighbourhood of the 
leading edge has for long been of interest in connexion with the problem of icing. 
Unfortunately the equations governing the motion of the droplets cannot be 
solved in closed form, but numerical solutions have been obtained for a number 
of different aerofoils at subsonic speeds. According to Glauert (1940), the be 
haviour of the droplets depends on the dimensionless inertia parameter &, 
defined as k = §w,7?U/yc, where w,, is the density of the droplet of radius r, 
ju the viscosity of the air, U the free stream velocity and c the chord of the aero- 
foil. For a particular aerofoil at a given incidence, there is a critical value of k. 
If k is less than the critical value, no droplets strike the aerofoil, but if k exceeds 
the critical value, all the droplets in a certain stream-tube an infinite distance 
ahead of the leading edge strike the aerofoil. Both the width of the stream-tube 
and the area of impingement increase with k. This effect may explain the dark 
bands over the inner parts of the wings shown in the vapour-screen photographs 
at M = 1-51 (figures 12 and 13, plate 3) and mentioned in $5.3. At M = 1-51, 
when the radius of the fog particles is about 3 x 10->in., k is of order 0-1. The 
radius is not known with any degree of certainty at higher Mach numbers, but 
it is probably not greater than 10-5in., so that k is of order of 0-01. Thus at 
M = 1-51, droplets are likely to impinge on the nose of the aerofoil (where they 
presumably evaporate) and so the air immediately above the surface is devoid 
of fog particles, but at higher Mach numbers the lower value of k greatly reduces 
this tendency, and may even eliminate it completely. 

There is little doubt that all the above-mentioned effects are of quite minor 
importance in the formation of the vapour-screen picture compared with the 
influence of vortices. The radial acceleration produced by circulatory flow exerts 
a powerful centrifuging action on the fog particles and they are rapidly swept 
from the centre of the vortex. A point of great interest, but one which cannot be 
definitely resolved from the present tests, is the relationship between the size 
and shape of a region clear of fog with those of the vortex causing it. The boundary 
of such regions is invariably well-defined, but can a vortex possess such a boun- 
dary? This difficulty is removed if it is remembered that the vortices under 
consideration here are quite different from the classical concept of an irrotational 
vortex in an inviscid fluid. They are essentially three-dimensional, rotational 
and viscous, produced by the accumulation of vorticity shed from lines of 
boundary-layer separation near the leading edge of the wing or from the body. 
From an examination of large numbers of photographs, it is suggested that the 
black regions shown on the vapour screen are caused by these rotational vortex 
cores, and the boundary of the region is a fairly close approximation to the 
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boundary between the core and the outer irrotational flow field, but a detailed 
survey of flow conditions is necessary before this can be definitely established. 


7. The vapour screen at subsonic speeds 

All previous applications of the vapour-screen technique have been restricted 
to supersonic speeds, but there are no fundamental reasons why the method 
should not be employed at the higher subsonic and transonic speeds provided a 
sufficiently large drop in temperature between the settling chamber and working 
section can be achieved. Some tests were therefore made to examine vapour- 
screen production under these conditions. 

Ideally, the use of a slotted or porous-wall working section is necessary for 
such an investigation, but this was impossible in the present instance, since the 
transonic working section of the 3ft. tunnel does not possess any apertures 
suitable for the passage of the light beam. As an alternative, a flat top liner was 
used in the supersonic working section, converting it, in effect, to a subsonic 
tunnel. This presented no serious disadvantage since the main purpose of these 
tests was to determine the lowest subsonic Mach number at which the vapour- 
screen technique could be usefully employed. 

The first test was made at M = 0-80 with a total pressure of 20in. Hg and a 
total temperature of approximately 40°C. The same procedure was followed as 
in previous tests at supersonic speeds. It was found necessary to inject some 
15 gallons of water before an adequately dense vapour screen was produced, but 
the screen tended to thin once the flow of water into the tunnel ceased. This was 
because the air was saturated at stagnation conditions and condensation occurred 
on the tunnel walls and in other cool parts of the circuit. The trouble was cured 
by injecting water continuously into the tunnel at a rate sufficient to make up 
for this condensation. However, in spite of the screen appearing reasonably 
satisfactory when viewed from the side of the tunnel, attempts to photograph 
it from downstream were unsuccessful, the picture being almost completely 
obscured by dense white patches caused by local condensation around the model. 
An impression was gained that the dropletes forming the fog were considerably 
larger than those at higher speeds, and globules of water could frequently be 
seen streaming over the surface of the model and collecting at the trailing edge 
of the wing and the base of the body. 

A second test at WM = 0-85, with the same total temperature and pressure as 
before, proved more successful. About 10 gallons of water were required to produce 
an adequate vapour screen, which had the same iridescent character as at the 
lower supersonic Mach numbers. Some typical results are presented in figures 15 
and 16 (plate 5), which show the rolling-up of the vortex sheet at various 
distances behind a 65° leading-edge-sweep delta wing at incidence of 4° and 8°. 
At 4° incidence, the results are quite normal and the edges of the vortex sheet 
are clearly defined, but at 8° it is possible that the higher velocities inside the 
vortex region caused a drop in temperature sufficient to cause condensation to 
occur at a greater rate than the fog particles could be swept from the core of the 
vortex. At the most rearward station there is a complete ‘image reversal’ effect, 
the vortex sheet appearing white on a relatively dark background. 
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The conclusion drawn from these tests is that the lowest Mach number at 
which the vapour-screen technique is practicable is approximately 0-85, but this 
may be rather too low if the shape of the model or the range of incidence over 
which it is to be examined is such that flow expansion around the model causes 
excessive local condensation. 


8. Use of liquids other than water for vapour-screen production 


An undesirable feature of the vapour-screen technique is that, at Mach numbers 
greater than about 1-6, a condensation shock occurs upstream of the working 
section at a humidity less than that necessary to produce a satisfactory vapour 
screen. This shock reduces the actual Mach number below the nominal for the 
nozzle, increases the static pressure and may produce flow disturbances in the 
working section. 

The condensation shock is caused by the sudden liberation of the latent heat 
of evaporation when vapour condenses into liquid, and to first order the strength 
of the shock and its effect on the flow are directly proportional to the amount of 
heat added per unit mass of air. It is possible to reduce the strength of the shock, 
for a given degree of condensation, by increasing the total pressure, but the 
improvement available is strictly limited by the design of the tunnel. A more 
fundamental approach lies in the use of liquids which have a lower latent heat of 
evaporation than water. Now the latent heat / and molecular weight m are related 
by hm = CT, (Trouton’s Rule), where J, is the boiling temperature and C is a 
constant which has the value 21 for substances which are unassociated in both 
the liquid and vapour states. It therefore follows that, in general, a liquid of 
high molecular weight will have a low latent heat of evaporation. 

The properties desirable in a liquid whose use is contemplated for vapour- 
screen production can be summarized as follows. It must be (a) chemically 
stable, (b) of high molecular weight, (c) of low toxicity, (d) non-corrosive, (e) non- 
inflammable, (f) preferably readily available commercially, and (g) have a 
saturated vapour density such that (i) a sufficient quantity can be introduced 
before reaching saturation under stagnation conditions, and (ii) an excessive 
quantity is not required to produce saturation at the working section static 
temperature. The number of liquids satisfying all these conditions is quite small 
and the most promising appear to be a group of organic chlorine compounds, 
carbon tetrachloride, CCl,, tetrachlorethylene, C,Cl,, tetrachloroethane, C,H,Cl,, 

and pentachloroethane, C,HCI,. 

It was decided to carry out a test using carbon tetrachloride, as bulk supplies 
were immediately available. The relevant physical properties of carbon tetra- 
chloride and water are compared in the table below: 


CCl, Water 
Specific gravity at 0°C 1-63 1-00 
Boiling point at 760mm. Hg, °C 76:8 100 
Freezing point, °C — 23 0 
Molecular weight 154 18 
Latent heat of evaporation (c.H.v./Ib.) 46-4 at 76-8°C 595 at 0°C 
Latent heat of fusion (c.H.U./Ib.) 4-16 


Specific heat of liquid (c.H.v./Ib. °C) 0-20 1-00 
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The test was made at a nominal Mach number of 2-00, with a total pressure of 
9-00in. Hg, and a total temperature of approximately 47°C. The air was dried 
as thoroughly as possible before admitting any carbon tetrachloride. The liquid 
was injected into the diffuser one pint at a time and the working section static 
pressure measured. Condensation could first be detected visually after 4 pints 
had been added, and by the time 8 pints were added the vapour screen was 
adjudged to be sufficiently dense to permit satisfactory photographs to be taken. 
The screen appeared a deep bluish-violet colour viewed from the side of the tunnel. 

The increase in static pressure, p/Pa,y, With quantity of carbon tetrachloride 
in the tunnel is shown in figure 8. Between 2 and 6 pints, the mean slope is approxi- 
mately one-seventh of that when using water, which is roughly the ratio pre- 
dicted by simple theory. With 8 pints in the tunnel, p/p,,, = 1-040 and the 
actual Mach number = 1-96, approximately. Using 6 pints of water at the same 
total temperature and pressure, p/pa,y = 1-205 and the actual Mach number 
= 1-88. It is thus seen that the severity of the condensation shock may be greatly 
reduced by the use of carbon tetrachloride in place of water. 

Some photographs of the flow just behind the trailing edge of a 65° leading- 
edge-sweep delta wing with a 4%-thick biconvex section obtained using the 
carbon tetrachloride screen are presented in figure 17 (plate 6) with the corre- 
sponding photographs using water in figure 18 (plate 6) for comparison. The 
general quality of the photographs is similar in the two cases, and the most 
noticeable difference is that, with the carbon tetrachloride screen (and higher 
working section Mach number), the shock wave visible on top of the vortex at 
incidences of 6°, 8° and 10° is located approximately 6 °% of the semi-span further 
inboard. 


9. Conclusions 

The vapour-screen technique affords a simple and practical method of flow 
visualization at supersonic speeds, and, with some limitations, may even be 
employed at Mach numbers as low as 0°85. It is capable of providing much 
useful information about the flow over and behind wings and bodies, such details 
as vortices, vortex sheets, lines of flow separation or reattachment and shock 
waves being rendered clearly visible. 

A high standard of temperature uniformity over the working section is essential 
if good results are to be obtained, and to achieve such a standard in the 3 ft. tunnel 
entailed shutting off the aftercooler and running at reduced total pressure at a 
total temperature of 40-50°C. Close control of the humidity is also necessary, 
the procedure used consisting of running the tunnel with the driers in circuit to 
reduce the humidity to a low level (corresponding to a frost-point of about 
—40°C), switching off the driers, and then injecting measured quantities of 
water into the diffuser. 

The humidity required to produce an optimum density of fog in the working 
section (from the point of view of obtaining the best photographs of the vapour- 
sereen picture) is fairly critical, and is affected by Mach number, total pressure 
and temperature. With a total pressure of 12in. Hg and a total temperature of 
45°C, it was found that the optimum humidity reached a minimum value at 
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about J/ = 1-6, increasing very rapidly below this Mach number and rather 
slowly above it. At Mach numbers up to and including 1-51 (with the above con- 
ditions of temperature and pressure), the screen had an iridescent appearance 
due to diffraction of the light beam by the fog particles. An estimate of the size 
of the particles based on the position of the coloured diffraction bandsat M = 1-41 
gave the radius as approximately 3x 10~*in., corresponding to a particle density 
of about 107 per in.3. In this Mach number range it was possible to obtain suffi- 
cient condensation to form a satisfactory vapour screen without affecting either 
the working section static pressure or Mach number, and it is suggested that 
condensation occurred on foreign condensation nuclei. 

At higher Mach numbers, the vapour screen was pale blue in colour and the 
fog probably consisted of ice crystals rather than water droplets. Condensation 
occurred at a condensation shock in the nozzle upstream of the working section, 
which increased the static pressure and decreased the Mach number in the 
working section. Tests at a nominal Mach number of 2-00 showed that the 
variation of Mach number and static pressure with humidity agreed well with the 
first-order theory of Monaghan (1956) at lowhumidities, but the theory was 
unduly pessimistic with regard to the effect on Mach number in the range of 
humidity necessary to produce a satisfactory vapour screen. 

The quality of the vapour-screen picture was generally superior at Mach 
numbers above 1-51, this being ascribed to the smaller size of the fog particles 
due to the different mechanism of condensation. At lower speeds the flow in the 
working section was still supersaturated, and patches of additional local con- 
densation caused by flow expansion around the model were frequently observed. 
Under certain conditions, and particularly at JJ = 1-32, these condensation 
patches or streaks formed an intricate pattern superimposed on the normal 
vapour-screen picture. 

The adverse effects of the condensation shock on the flow at the higher Mach 
numbers may be alleviated by the use of liquids with a lower latent heat of 
evaporation than water. A test at a nominal Mach number of 2:00 showed that 
a vapour-screen picture of a quality comparable with that obtained using water 
vapour could be produced with carbon tetrachloride vapour. The actual Mach 
number in the working section was 1-96, compared with a value of 1-88 when 
using water vapour. 


Appendix I: The mechanism of condensation at Mach numbers less 
than 1-5 


It was suggested in §4.5 that, at Mach numbers up to and including 1-51, 
condensation occurs principally on foreign nuclei rather than on nuclei generated 
spontaneously in the supersaturated vapour by random molecular aggregation. 
Since this is at variance with the commonly accepted view of the mechanism of 
condensation in wind tunnels at supersonic speeds, the matter will be considered 
in some detail. 

We will first attempt to show that the size of the droplets, as estimated from 
observation of the coloured diffraction bands at M = 1-41, is of the same order 
as that predicted theoretically, on the assumption that a droplet starts to form 
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around a condensation nucleus at the point in the nozzle where the water vapour 
is just saturated and continues to grow on its passage down the nozzle by a 
process of diffusion of water vapour on to the surface of the droplet. To perform 
this calculation it is necessary to make an assumption concerning the variation 
of the density of the uncondensed water vapour along the length of the nozzle. 
This variation is known when there is no condensation, but is indeterminate once 
condensation has started, unless the number of droplets is also known. “Con- 
sequently, the calculated value of the droplet radius must be regarded as a rough 
estimate only, but its order of magnitude should be correct. 

The equation governing the rate of growth of a droplet in a moving airstream 


is given by Oswatitsch (1941) as 


 W—Weat,D 


> 
dx 


where 7 = radius of the (spherical) droplet, 

x = axial co-ordinate, 
= density of the uncondensed vapour surrounding the droplet, 
= density of saturated vapour at the surface of the droplet, 


| 


Wsat. 
w, = density of the liquid forming the droplet (= 62-4 1b./ft.*), 
D = coefficient of diffusion of water vapour in air, 


u = velocity of the airstream. 


This equation may be integrated to give 


= 2 


tw — Wsat. D 


Jo Vz 
where I is the distance travelled by the drop since its formation. In the case of 
flow through a supersonic nozzle, all the quantities on the right-hand side of this 
equation (with the exception of w,) are functions of x, but it may be shown that, 
in the Mach number range we are concerned with here (1-0-1-5 approximately), 
the ratio D/u is very nearly constant, so that 


2 (D\ fi 
— (w— Wat.) dX. 
wr\u} Jo 


Unfortunately, the variation of (w—w.q,.) with distance along the nozzle is 
indeterminate, but we can obtain a rough estimate of the droplet radius by 
assuming a simple, plausible variation of (w—w.q,,) With x. For example, suppose 
we assume that (w—w,,;,) increases linearly with x. We then have, for the radius, 
{DIfw— 

Let us consider the case of M = 1-4, with a total pressure p, of 12-0in. Hg, a 
total temperature 7, of 45°C, and with 12 pints of water added to the tunnel. 
The flow becomes just saturated at a point in the nozzle where the local Mach 
number is 0-98, and in accordance with our initial hypothesis it will be assumed 
that condensation starts from this point. The distance from this point to the 
centre of the working section, i.e. the distance 1, is 9-5 ft. The coefficient of 
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diffusion D is given by Oswatitsch as D = 0-000225(7'/273)!86 (30/p) ft.2/sec, so 
that the mean value of D/u between MW = 1-0 and M = 1-4 is 0-93 x 10-® ft. for 
the conditions specified above. 

The working section static temperature is — 43 °C under isentropic conditions, 
and from figure 5 the corresponding density of saturated water vapour, w,,,, 

is 5-1 x 10-*1b./ft.*. If we assume that half of the water vapour has condensed 
at the working section, the actual density of the uncondensed vapour is 
73 x 10~Ib./ft.3. Inserting these values in the equation for r gives a droplet 
radius of 3-8 x 10~°in., which is considered to be in quite reasonable agreement 
with the value of 3 x 10~°in. estimated from observation of the coloured diffrac- 
tion bands at M = 1-41. 

If we again assume half of the vapour to have condensed by the time the work- 
ing section is reached, and taking the droplet radius as 3 x 10->in., the number of 
droplets in this case works out at 107 per in.?. Therefore if condensation is occur- 
ring on foreign condensation nuclei, there must be at least this number of nuclei 
present in the air in the tunnel. At first sight this may appear to be an excessive 
number, but in fact is less than the number that have been measured in ordinary 
room air, and is of the same order as that found in an urban atmosphere. We thus 
conclude that the size and number of the droplets are not inconsistent with the 
proposition that condensation is occurring on foreign nuclei. 

The theory of molecular nucleus formation is based on the kinetic theory of 
gases, and whilst complicated in detail, the results may be expressed com- 
paratively simply. It is found that the rate of nucleus formation per unit volume 
depends on two parameters—the temperature and the ratio of the actual vapour 
pressure to the saturation vapour pressure, i.e. the supersaturation. 

Burgess & Seashore (1951) have presented a chart of the rate of nucleus 
formation as a function of the supersaturation and stream temperature. At a 
Mach number of 1-4, with a total temperature of 45°C and a static temperature 
of —43°C, the relation between the supersaturation S and the rate of nucleus 
formation J (expressed as the number of nuclei generated in 1lin.? of vapour 
while travelling a distance of 1 ft.) is as follows: 


J 1 10? 104 106 108 19” 
S 10-0 11-3 12-9 15-2 18-2 22-2 28-7 


Thus the number of self-generated nuclei becomes of the same order as the num- 
ber of droplets estimated to be present when a 16-fold supersaturation is attained. 
Referring to figure 4, it is seen that at M =1-4 condensation is first detectable 
in the working section at just this level of supersaturation. This might be con- 
sidered excellent agreement between theory and experiment and to justify fully 
the assumption that in supersonic tunnels condensation is due to self-generated 
nuclei, but there are reasons for supposing that this agreement is fortuitous. 
If the supersaturation is increased by increasing the initial humidity a com- 
paratively small amount, the rate of nucleus formation increases by several 
orders of magnitude, which would cause a sudden and complete collapse of the 
supersaturated state, i.e. a condensation shock. The experimental results do not 
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reveal the existence of any such shock in the Mach number range under con- 
sideration until humidities rather greater than that found necessary to produce 
a satisfactory vapour screen. There is also the evidence (§ 5.4) that the flow in the 
working section is still well supersaturated, although this is not the case at the 
higher Mach numbers, when condensation does occur at a condensation shock. 

The molecular nucleus-formation theory disregards an important factor when 
applied to the flow in wind tunnels. This is the effect of the temperature gradient 
along the nozzle, which has been discussed by Smolderen (1956). Suppose we 
express the supersaturation not as the ratio of the actual pressure of the super- 
saturated vapour to the saturated vapour pressure, but as the ‘adiabatic super- 
cooling’. This is defined as the difference in temperature between the point in the 
nozzle at which the vapour is just saturated, and the actual vapour temperature. 
At M = 1-4 and with a 16-fold supersaturation in the working section (where 
the static temperature is — 43°C), the flow is just saturated at a point in the 
nozzle where the local static temperature is — 12°C. Thus the adiabatic super- 
cooling is 31°C, which is a fairly typical value of the supercooling necessary to 
cause condensation, as given by this theory. However, Smolderen presents 
evidence that even in large tunnels condensation effects are rarely encountered 
with an adiabatic supercooling of less than 40°C and in a small tunnel this may 
rise to 60 or 70°C or more. A change in the adiabatic supercooling from 31 to 
40°C represents an increase of over 100 °% in the supersaturation. 

It is therefore considered that at the lower supersonic speeds the weight of 
evidence is against the theory that condensation is due to self-generated nuclei, 
and its appears that foreign nuclei are primarily responsible. It must be em- 
phasized, however, that this conclusion is only valid for the 3 ft. tunnel for the 
particular conditions of pressure and temperature under which it was operated, 
and will not necessarily be true in general. For example, a reduction in total 
temperature while keeping the stagnation humidity constant will have little 
effect on the rate of growth of a droplet forming around a foreign condensation 
nucleus, but it will increase the adiabatic supercooling, thus greatly increasing the 
likelihood of self-generated nuclei dominating the condensation process. It 
might well be found that at a total temperature of 15°C the presence of foreign 
nuclei is significant only at Mach numbers less than about 1-2. 

The effect of a reduction in tunnel size is interesting. The shorter distance 
between throat and working section is obviously unfavourable to the growth 
of droplets on foreign nuclei, which tends to increase the supersaturation of the 
uncondensed vapour, thus increasing the probability of molecular nucleus 
formation. However, the steeper temperature gradient in the shorter nozzie 
increases the adiabatic supercooling necessary to cause condensation. It is 
therefore difficult to predict the effect of a reduction in tunnel size on the 
mechanism of condensation, but it is certain that to produce, at the same Mach 
number and total pressure, a vapour screen of equal density in a small and in 
a large tunnel, then the stagnation humidity must be greater in the former case 
than in the latter. 
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Appendix II: Estimation of working-section Mach number and static 
pressure when a condensation shock is present in the nozzle at V,,, = 2-0 

Monaghan (1956) has derived the following approximate relations for the 
working section static pressure and Mach number when a condensation shock 
is present in the nozzle: 


Pary 2 M Cyl 
Mary 2 Miry—1 


where J/, = Mach number just ahead of the condensation shock, 
q = heat input per unit mass of gas (c.H.v./Ib.), 
Cc, = specific heat of air at constant pressure (0-24.c.H.U./Ib. °C), 
7, = total temperature of the air ahead of the shock (°K). 


Before these expressions can be evaluated it is first necessary to estimate the 
value of J, and this has been done by assuming a constant adiabatic super- 
cooling of 50°C (see Appendix I), which corresponds to condensation effects 
being just detectable at a frost-point of — 37°C with an initial total temperature 
of 47°C. It is assumed that the wet air expands isentropically through the 
nozzle until condensation occurs, and that the density and temperature of the 
small quantity of water vapour present vary directly as that of the much larger 
mass of air. The temperature 71, at which the vapour is just saturated may then 
be found for any stagnation vapour density by cross-plotting on figure 5. With 
a total temperature J of 47°C, and assuming an initial vapour density of 
0-7 x 10-5 |b./ft. (corresponding to a frost-point of — 40°C) for the ‘dry’ tunnel, 
we can calculate J/, as follows. W is the quantity of water added to the tunnel, 
w, the density of the water vapour in the settling chamber and 7, the tem- 
perature just ahead of the condensation shock. 


(Ib.) (Ib./ft.*) (°C) (°C) M, 
2-5 6-3 x 10-5 — 24 —74 0-622 1-74 
5-0 11-8 x 10-5 —1s8 — 68 0-641 1-67 
75 —13 — 63 0-657 1-62 


In calculating q it has been assumed that all the water vapour is condensed 
out at the shock, and that ice crystals rather than water droplets are formed, so 
a total latent heat 2 of 690c.n.v./Ib. has been used. With a total pressure of 
9in. Hg, the density p, of the air in the settling chamber is 0-0218 lb./ft.3. Since 
q = hw,/p,, we have finally: 


W 


(Ib.) M, Q[Cy T's M P/Pary 
2-5 1-74 0-026 1-92 1-07 
5-0 1-67 0-049 1-86 1-13 
7:5 1-62 0-072 1-80 1-18 


These values of / and p/p 


ary have been added to figure 8. 
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Natural convection between heated vertical plates 
in a horizontal magnetic field 


By J. FLETCHER OSTERLE AnD FREDERICK J. YOUNG 
Carnegie Institute of Technology, Pittsburgh 13, Pennsylvania 


(Received 23 May 1961) 


The effect of viscous dissipation and applied magnetic field is investigated for 
the case of the fully developed natural convection of a fluid between two heated 
walls. When electrical and viscous Cissipation is negligible, short-circuited 
Hartmann flow results. The deviation of the velocity and temperature profiles 
from those existing in Hartmann flow are presented for various Hartmann 
numbers when dissipation is not neglected. It is shown that increasing the 
applied magnetic field rapidly decreases the influence of both viscous and 
joulean dissipation on the velocity and temperature profiles. 


1. Introduction 


The problem of fully developed natural convection in a viscous fluid flowing 
between two heated vertical plates has been solved (Ostrach 1952). It is the 
purpose of this paper to investigate this problem when a uniform magnetic field 
is applied in a direction which is mutually perpendicular to the walls and the 
direction of flow. It is assumed that the fluid has a finite electrical conductivity 
and that the configuration is infinitely long in the direction of flow. The problem 
for two parallel plates heated to different temperatures has already been solved 
by Gershuni & Zhukhovitski (1958) neglecting viscous and joulean dissipation. 

The fluid in the channel is subject to a buoyancy force causing it to rise and 
a magnetic force retarding its motion. Heat is generated within the fluid by 
both viscous and joulean dissipations. The motion of the fluid is determined first 
of all by neglecting these dissipations, and then their effect on the velocity and 
temperature profiles is evaluated. It is found that the magnetic field acts to 
decrease the dissipative effects. 


2. Basic equations 

The flow geometry under investigation is as shown in figure 1. A vertical channel 
is formed by two infinitely wide parallel plates separated by a distance 2b. 
The plates are maintained at a uniform temperature 7,, which exceeds the 
ambient temperature 7). A uniform magnetic field B, is passed across the channel 
normal to the plates, and a viscous conducting fluid rises in the channel driven 
by buoyancy forces and retarded by magnetic forces. The flow of this fluid is 
governed by the laws of conservation of momentum and energy. Throughout 
this paper the rationalized MKS system of units is used. 
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On the assumption that the flow is fully developed, the momentum equations 
in the v- and y-directions are 


1d F 
(1) 
cy? pcx p 

Cp 

=0, (2) 


where wu and »p are the x-velocity and pressure of the fluid respectively, v its 
kinematic viscosity, p its density, g the gravitational constant, and /, and F, 
components of the magnetic body force given in this geometry by 

F, = —jBo, (3) 


=jB,. (4) 


> 


Ficure 1. Configuration of flow. 


In (3) and (4), j is the current in the z-direction given by Ohm’s law 


j = 0(E+uB,), (5) 
where g is the electrical conductivity and E the electric field. B, is given by the 
Maxwell equation aB, 

(6) 


where jv is the permeability. If the short-circuit case is considered, E vanishes 
and insertion of (5) into (3) and (4) yields 


F, = —oB?u, (7) 
F, = cB, Bu. (8) 


In fully developed flow the pressure distribution must be hydrostatic; hence 


Ox = (9) 
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where fp is the fluid density at ambient temperature. Inserting (7), (8) and (9) 
into (1) and (2), there results 


+ f9(T 0, (10) 
= oB,B,u, (11) 


where / is the expansivity of the fluid defined by 


Equation (10), valid for moderate differences between 7, and 7;, is the desired 
momentum relationship. Equation (11) gives the pressure gradient across the 
channel, which will not be considered further in this paper. 

The energy equation for this flow is 


= 0, (13) 
where k is the thermal conductivity of the fluid. The second and third terms on 
the left represent joulean and viscous dissipations respectively. Equation (13) 


is the desired energy relationship. 
By use of the following substitutions 


U = 
Y =y/b, (14) 
6 = 


equations (10) and (13) can be placed in dimensionless form, yielding 


U"+0—M?U = 0, (15) 
6" + M*NU?+ N(U')? = 0, (16) 
where V/ is the Hartmann number, measuring the magnetic force, given by 
M = (17) 
and V is a dimensionless number measuring the buoyancy force given by 
NV = — 1)/(kv). (18) 


The primes in (15) and (16) denote differentiation with respect to Y. 

Equations (15) and (16) contain two unknowns, U’ and @, and must be solved 
simultaneously to yield the desired velocity and temperature profiles. The 
boundary conditions on these equations are as follows: 


U(l)=0, O(1)= 


(19) 
U'(0)=0, =0. 
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3. Solution 

Due to their non-linearity, equations (15) and (16) are difficult to solve. How- 
ever, the solution to a useful limiting case is readily obtainable. ANowing V to 
vanish is equivalent to neglecting dissipative heating, and in this case the 
equations become linear and have the following solutions 


= (1—sech M cosh M Y)/M?, (20) 
= 1, (21) 
where the zero subscript indicates that NV has been set equal to zero. It can be 
shown that although N is not zero in practical problems, it is indeed small, 


which suggests the use of a perturbation technique for the solution of (15) and (16). 
Eliminating @ between (15) and (16), there results 


Uiv— M?2U" = N[(U')? + M2U?). (22 
Now let U =U)+@N, (23) 
where the second term on the right-hand side is a correction to Up, accounting 
for an N small but not zero. Substituting (23) into (22), noting that U, is the 


complimentary solution to (22), and neglecting terms in NV to powers greater 
than unity, there results the following equation for ¢: 


— = (U5)? + (24) 
This equation is readily solvable, yielding 
= [(M tanh cosh 2.M sech? M+ 3)sech cosh MY 
x j,(cosh 2M Y sech? M)—4M?Y2— MY sinh MY sech M 
+4$M?—3+4(cosh 2M sech? (25) 
With ¢ now determined, equation (23) can be substituted into (15) to obtain 0. 
Writing @ in the form 6 = O+eN, (26) 
there results 
= [—(cosh 2M Y sech? + 2(cosh MY sech W)/M? 
—4Y+4-2/M*+ (cosh 2M sech? (27) 
Equations (23) and (26) together with (25) and (27) represent the perturbation 


solutions for the velocity and temperature profiles, valid for sufficiently small V. 
In the limiting case of zero Hartmann number, equations (25) and (27) 


reduce to d (14—15Y?+ (28) 
= ¥4). (29) 
4. Results 


The velocity and temperature profiles for the case of vanishingly small NV are 
given by (20) and (21). The effect of N on the velocity and temperature is in- 
dicated by (23) and (26), with ¢ and ¢ given by (25) and (27) respectively. 
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Equations (25) and (27) are plotted in figures 2 and 3 respectively for various 
values of the Hartmann number. In figure 4, the values of ¢ and € on the centre- 
line are plotted against the Hartmann number. The interesting feature of these 
results is that both @ and ¢ decrease rather rapidly with increasing M, indicating 
that an increase in field acts to decrease the effect of dissipation heating on the 
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Ficure 2. Velocity correction profiles for various Hartmann numbers. 


velocity and temperature profiles. In other words, any increase in joulean dissi- 
pation accompanying an increase in field is more than overcome by the corre- 
sponding decrease in viscous dissipation. This decrease in viscous dissipation 
is due to the fact that the magnetic field tends to flatten the velocity profile as 
well as decrease the flow. From (20) it follows that the dimensionless half-channel 
flow rate defined by 


| U,dY (30) 


for the case in which dissipations are neglected is given by 
= (M—-tanh M)/ M3, (31) 


which is seen to decrease with Hartmann number as expected. 
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Fieure 3. Temperature correction profiles for various Hartmann numbers. 
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Ficure 4. Mid-channel velocity and temperature corrections vs Hartmann number. 
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5. Numerical example 


Considering the fluid to be mercury, we find that (18) yields the following 
expression for N as a function of the channel half-width and the temperature 
difference between ambient and the wall: 


N = 4x 10%(T,-1,), (32) 


where 6 is in metres and the temperatures in deg.C. For a channel half-width 
of 2cm. and a temperature difference of 20deg.C., N becomes 0-128. The maxi- 
mum effect of dissipation is felt when the field is zero. For this case, ¢ and € are 
given by (28) and (29). In this example the results are that the mid-channel 
values of U and @ are both increased about 1 % by dissipation, which in this case 
is all viscous. With an applied magnetic field the dissipative effects are less. 
For example, the 1% increase in the mid-channel value of @ due to dissipation 
is reduced by a factor of 10 at a Hartmann number of 7:5, as can be seen directly 
from figure 4. 


Since the writing of this paper, another pertinent reference has appeared in 
the literature (Poots 1961). In this work the open-circuited case has been 
treated. Our work is concerned with the short-circuited case. 


This work was supported in part by a grant from the National Science 
Foundation. 
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Magnetohydrodynamic flows of a perfectly 
conducting, viscous fluid 


By F. A.A GOLDSWORTHY 


Department of Mathematics, University of Manchester 
(Received 4 May 1961) 


The paper considers the flow of an incompressible, viscous, perfectly conducting 
fluid past a fixed obstacle in the presence of an applied magnetic field which is 
parallel to the stream at large distances from the obstacle. A simple transforma- 
tion of the fluid velocity and the total head enables the magnetohydrodynamic 
flow past the obstacle to be determined from the corresponding flow of a non- 
conducting fluid past the same obstacle but with a reduced main-stream velocity. 
The method is illustrated by considering the flows past a sphere, a circular 
cylinder and a semi-infinite flat plate for different field strengths. The drag on the 
sphere is plotted as a function of the field strength for a fixed Reynolds number. 
The patterns of the flow past a circular cylinder are sketched and an inference is 
made to the way in which disturbances can propagate upstream for the case when 
the main-stream velocity is less than the Alfvén speed. These give rise in the first 
instance to a separation bubble upstream of the cylinder. Finally the range of 
applicability of familiar high Reynolds number approximations to magneto- 
hydrodynamic flows is discussed. In particular, if the main-stream velocity is 
equal to the Alfvén speed, the boundary-layer approximation is shown to be no 
longer valid. 


1. Introduction 

This work was initiated by some rather surprising results obtained by 
Greenspan & Carrier (1959) in their considerations of the magnetohydrodynamic 
flow past a semi-infinite flat plate. They examined the flow when the applied 
magnetic field and free-stream directions are aligned and uniform at large 
distances. The description of the flow depended on two parameters, namely the 
ratio # of the square of the Alfvén speed to the square of the main-stream 
velocity, and the product of the electrical conductivity o and the kinematic 
viscosity v. They found that when / = 1 the drag on any finite length of the 
plate became zero. This was interpreted as meaning that the magnetic field had 
become so distorted as to produce a magnetic wall which ‘plugged’ the entire 
flow. Part of the present discussion endeavours to question this result for the case 
when the fluid is perfectly conducting. It must, however, be pointed out that no 
alternative solution is proposed here for reasons which will become obvious later. 

The present discussion covers a more general field of application to fluid flows 
than the problem referred to above. Here we shall consider steady magneto- 
hydrodynamic flows past any fixed axisymmetric or two-dimensional obstacle. 
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We shall assume the fluid to be perfectly electrically conducting and consider 
only those problems for which the applied magnetic field and the undisturbed 
stream velocity are parallel at infinity. A transformation of the fluid velocity and 
total head in the equations of motion enables a magnetohydrodynamic flow of the 
above type to be obtained from the corresponding flow of a viscous non-conducting 
fluid, for which the well-known Navier-Stokes equations of motion are applicable. 
An interesting feature of the transformation is the relation existing between the 
Reynolds numbers of the two problems. This shows that as # — 1, fora fixed value 
of the Reynolds number F# in the magnetohydrodynamic flow problem, the 
Reynolds number R* of the corresponding non-conducting fluid flow tends to 
zero. Indeed the equations of motion describing the magnetohydrodynamic flow 
then reduce almost to the Stokes equations of motion for slow flow. 

The method is applied to the magnetohydrodynamic flows past a sphere, a 
circular cylinder and a semi-infinite flat plate. In the first of these, a plot of the 
drag of the sphere on the flow for varying magnetic field strength and a fixed 
Reynolds number is given. The graph indicates that the drag reaches a minimum 
value at # = 1. The patterns of the flow past a circular cylinder for varying 
values of # are also sketched. For # > 1, which corresponds to the undisturbed 
fluid stream moving with a velocity less than the Alfvén speed, the transforma- 
tion indicates that the flow in the corresponding non-conducting fluid problem is 
reversed. Thus, for moderate values of RY, the separation bubble, which in con- 
ventional fluid flows occurs downstream of the cylinder, now appears upstream in 
the magnetohydrodynamic flow and corresponds to the upstream influence of 
Alfvén waves together with diffusion and convection. It is well known that, for 
purely viscous fluid flows about a sphere and a circular cylinder, the flows become 
unstable at certain critical Reynolds numbers. The transformation would seem to 
indicate that the effect of the magnetic field is to stabilize the flow and increase 
the values of the critical Reynolds numbers in the magnetohydrodynamic flows. 
It should however be pointed out that a fuller discussion of the unsteady flow, to 
which the simple transformation cannot be applied, is needed on this point before 
definite values can be given. 

Finally, a discussion of the flow past a semi-infinite flat plate is presented, 
though as a comment on already existing analyses it lacks authority because so 
little is known concerning the purely viscous fluid flow near the leading edge of the 
plate (i.e. flow at small Reynolds number). 


2. The transformation 


The equations governing the steady motion of an incompressible, viscous, 
electrically conducting fluid can be written in the form 


div q = 0, (1) 
curl qaq = —grad (p/p + 39°) + + (u/p)j AH, (2) 
j=o(E+yqaH), curlH = 47j, (3, 4) 


divH =0, curlE=0. (5, 6) 
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In the above equations q, p and p denote the fluid velocity, pressure and density, 
respectively, j denotes the current density, E and H the electric and magnetic 
fields. 

The present discussion is limited to magnetohydrodynamic flow problems in 
which the magnetic field is applied parallel to the direction of the free stream at 
infinity. A further restriction becomes necessary later, in choosing the ratio of 
the magnitudes of the applied magnetic field and the free-stream velocity to be 
uniform. Equation (3) shows that when the ambient magnetic field and fluid 
stream are aligned, the electric field is zero at infinity. Assuming the flow to be 
axisymmetric or two-dimensional, the electric field satisfies the equation 


div E = 0. (7) 


This equation, together with equation (6) and the boundary conditions, is 
sufficient to show that, in the magnetohydrodynamic flow past an uncharged 
obstacle of the type described above, the electric field will be zero everywhere. 

For a perfectly conducting fluid, in which the electrical conductivity ¢ is 
infinite, equation (3) with E = 0 shows that either q or H must be zero, or q and H 
must be parallel everywhere. The former result is trivial, the latter leads to the 
relation 

H = /(x,y,2)4, (8) 

where f (x,y,z) is a function which is constant along a streamline (or magnetic- 
field line), since, from equations (5) and (1), 


0 = divH = q.gradf+fdivq = q.grad/. (9) 


If the ratio of the magnitudes of the magnetic field H, and the fluid velocity Uj at 
infinity is uniform, then f is equal to H,/U, along all streamlines originating at 
infinity. Substituting for H in equations (2) and (4), we obtain 


(1—f) curlqagq = —(1/p) gradh+vV?q, (10) 


where h = p+4pq? is the total head and = U5. 
We now transform the velocity and total head according to the relations 


k= (11) 


where C is a constant. q’ and h* then satisfy the Navier-Stokes equations of 
flow for a viscous incompressible non-conducting fluid, namely 


div q¥ = 0, (12) 
curl q¥aq¥ = —(1/p) grad h¥ + vV2.q. (13) 


Hence for problems in which the ambient magnetic field and the free-stream 
directions are aligned, the pattern of the flow of a perfectly conducting fluid past 
an obstable is the same as that of a non-conducting fluid flowing with velocity 
(1— 8) Uy past the same obstacle. The superscript N will be used to label quantities 
in the corresponding non-conducting fluid-flow problem. The total head at a point 
in the fluid is found from the corresponding non-conducting fluid-flow value by 
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the use of transformation (11), the constant C being determined by the conditions 
at infinity. The fluid pressure is given by the relation 


P—Po = (1— — py) — — — Ul, (14) 


where py and pj are the corresponding values of the pressures at infinity. 

The reader will notice that the above results could have been established 
by a transformation of either the length scale or the viscosity instead of the 
velocity. 

Several interesting features become apparent when the Reynolds number, 
Rk = UL|v,in the magneto-hydrodynamic-flow problem isrelated to the Reynolds 
number, RY = UWL /y, in the analogous ‘non-conducting’ fluid-flow problem; 
they are connected by the equation 


RY = |1—£|R, (15) 


where the modulus signs have been inserted for obvious reasons. Thus, if R is 
fixed and / is increased from 0 to 1, the Reynolds number Fin the corresponding 
non-conducting fluid-flow problem decreases from F to 0. One must therefore 
tread cautiously near / = 1, for this corresponds to non-conducting fluid flows in 
which the Reynolds number R* is small. In particular it must be noted that in 
this region the boundary-layer approximation can no longer be used to determine 
the magnetohydrodynamic flow, since the validity of the approximation requires 
that RY = |1—£|R should be large and not just simply that R should be large. A 
fuller discussion of this point and other approximations will be given later. In the 
limit as £ > 1 from below, equation (10) shows that the Navier-Stokes equations 
of magnetohydrodynamic flow reduce to the classical Stokes equations, provided 
that they are written in a form involving the total pressure rather than the static 
pressure. These equations are used to treat problems involving slow flow in which 
the Reynolds number is low. This is consistent with the transformation (15) which 
shows that as # > 1 the Reynolds number in the analogous non-conducting fluid 
flow problem becomes small. We must emphasize, however, that in the magneto- 
hydrodynamic problem for which £ = 1 Stokes’s equations are the exact form of 
the full Navier-Stokes equations of magnetohydrodynamic flow provided that 
the total head is used instead of the static pressure. The value of # = 1 is in the 
nature of a critical point as it marks the transition from fluid flows having super- 
Alfvén speed to those having sub-Alfvén speed. For # > 1, the transformation 
shows that the flow in the ‘non-conducting fluid’ problem is reversed. This will be 
illustrated later. 

As an example of the use of the transformation described in this section we now 
determine the magnetohydrodynamic flow past a sphere. Clearly a similar 
analysis could be performed for the circular cylinder and other shapes. 


3. Magnetohydrodynamic flow past a sphere 

Several attempts have been made to consider this problem for fluids having low 
electrical conductivity. In particular those of Chester (1957) and Blerkom (1960) 
are illuminating. We are, however, concerned with a perfectly conducting fluid. 
Blerkom did include some discussion of this case in his paper and he noticed the 
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correspondence exhibited in equation (15) by examining the Oseen linearized 
equations extended to include the effects of a magnetic field. He did not, however, 
pursue the matter further. 

A study of the magnetohydrodynamic flow past a sphere has several advan- 
tages; in particular the drag of the sphere in a non-conducting fluid flow is known 
experimentally as a function of the Reynolds number. In addition, the Stokes 
solution describing the slow flow past a sphere is known. . 

The use of relation (15) and the experimental information permit a very simple 
method of determining the drag of a sphere in a magnetohydrodynamic flow of 
the type already described. The experimental results, which have been used here, 


log (D/D,) 


Figure 1. The ratio of the drag D to the Stokes value D, plotted as a function of the 
Alfvén number / for values of the Reynolds number R = 40, 20 and 8. 


are those given by Goldstein (1938), who plots the drag coefficient C4, in the non- 
conducting fluid flow problem as a function of RY = 2UNa/v, where a is the 
radius of the sphere. In order to find how the drag of a sphere in the magneto- 
hydrodynamic flow depends upon the strength of the applied magnetic field, we 
fix the value of R and vary /, thus obtaining varying values of R* from equa- 
tion (15). The values of C¥ are then determined from the graph of C}, against RY. 
The drag D in the magnetohydrodynamic problem is then calculated from a 
knowledge of C¥ in the following way: 


D = (1— fy". DY = (RP CY = (16) 


In figure 1 the total drag D is plotted as a function of for values of R equal to 8, 
20 and 40. For # > 1, the flow in the corresponding non-conducting fluid problem 
is reversed, so that the drag D* will act in the opposite direction to that of the 
free stream in the magnetohydrodynamic problem. However, the drag D is still 
positive, since the negative factor (1—/) in equation (16) means that D is in the 


direction opposite to 
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The variation of the drag in the neighbourhood of the critical point # = 1 can 
be discussed by using the theoretical results of Proudman & Pearson (1957), who 
considered the slow flow of a viscous fluid past a sphere. They gave the drag 
coefficient for small values of RY as 


cy = +3;R* + T60 (RS log + O(R* (1 7) 


Applying the transformation rules and substituting in equation (16), we obtain 
D = 6apval {1 +35 (1— A)? R+ O[(1—f)? (18) 


The above expression will hold for both sufficiently small values of R and of 
|1—|. Fora fixed value of R as # > 1 the drag reaches a minimum value, which 
is the classical Stokes value; this was anticipated in our earlier discussion. At the 
critical point, # = 1, the slope of the drag curve is discontinuous. This is due to 
the different character of the flow in changing from super-Alfvén to sub-Alfvén 
flow, in which Alfvén waves can propagate upstream. These could affect the flow 
at infinity. However, when f > 1, the corresponding flow in the non-conducting 
fluid problem is reversed. For low values of (f—1) R the non-conducting fluid 
flow solution would suggest that the uniform conditions upstream at infinity are 
not affected. This will be illustrated in the next section. For higher values of 
(2-1) the flow might contain a narrow wake in the magnetohydrodynamic 
flow extending upstream from the body (the wake in the reversed non-conducting 
fluid flow problem is downstream), in which case the uniform conditions upstream 
at infinity would be upset. This situation has been discussed by Stewartson (1960). 
It must be pointed out though that, ifin the magnetohydrodynamic flow problem 
the conditions downstream at infinity were uniform, the transformation could be 
applied provided that the flow was steady. There seems to be no reason to suppose 
that this is inferior to the more usual reversed situation. It must however be 
mentioned that for a fluid having finite electrical conductivity there would also 
be a wake downstream. This has not been considered in the present paper. One 
further remark should also be made concerning the stability of the flow. It is well 
known both from experiment and theory that, for viscous non-conducting fluid 
flows of the type described, there is a critical Reynolds number for which the flow 
becomes unsteady. Experimentally this occurs for the flow about a sphere at a 
Reynolds number of about 100. Thus, according to the transformation (15), the 
magnetohydrodynamic flow might become unsteady at a Reynolds number of 
about 100/|1—| from which we might infer that, for 0 < # < 2, the effect of the 
magnetic field is to stabilize the flow. However, since the transformation is 
limited to steady flows only, a fuller investigation should be carried out before 
reaching any definite conclusions on this point. 


4. Variation of the flow pattern with / 


In order to discuss flow patterns for varying magnetic field strengths it is con- 
venient to consider the uniform flow past a circular cylinder, since numerical 
computations of the corresponding flows of a viscous non-conducting fluid have 
been made for values of RY = 10, 20 and 40 by Thom (1933) and Kawaguti (1953). 
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FicurE 2. Streamlines (or magnetic lines) and lines of equal vorticity (or current) for the 
flow about a circular cylinder with R = 40 and f = 0, 3, } and 2. (a) # = 0, RN = 40 
Kawaguti 1953). (b) 2 = 4, RN = 20 (Thom 1933). (c) # = 8, RN = 10 (Thom 1933). 


(d) B = 2, RN = 40 (Kawaguti 1953). 
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As long as RY = |1—{| R is less than about 40, the non-conducting fluid flow 
remains steady and we can apply the transformation procedure. Thus if we 
fix R = 40, the above computations will give immediately the magnetohydro- 
dynamic flow patterns for values of £ = 0, }, 3,3, 3. and 2. In figure 2, the stream- 
lines (or magnetic lines) and lines of equal vorticity (or current) are shown for 
= 0, 4, 2 and 2. 

As the magnetic field increases, the separation bubble containing the two 
standing eddies becomes smaller until it eventually disappears for / sufficiently 
near unity. As # increases from 1, the separation bubble appears upstream and 
grows with increasing /; ultimately the flow will become unsteady. There is no 
obvious reason for the separation bubble to behave in this way with increasing 
magnetic field strength. Clearly it is linked with the factors which govern the 
length of the separation bubble in the purely viscous fluid-flow problem. Un- 
fortunately for the purpose of this paper no simple explanation has been offered. 
Presumably its length in the latter problem depends on both convection and 
diffusion, and the effect of the magnetic field in the magnetohydrodynamic flow 
is to decrease the convective part, as equation (10) shows, by the presence of the 
factor 1—/. As the magnetic field increases, the Lorentz force becomes more 
dominant and produces a ‘convective’ rate in the opposite direction to the 
stream velocity. It is well known, in fact, that in a magnetic field the vorticity is 
not convected with the stream, but rather moves relative to the stream at the 
Alfvén speed along the magnetic lines of force. Thus in sub-Alfvén flow (8 > 1), the 
wake must stretch upstream as well as downstream. It has already been men- 
tioned that, if finite but large conductivity had been considered, then there would 
also be a wake on the downstream side as well as the upstream side. Blerkom 
(1960) has discussed this situation for the case of the flow past a sphere by applying 
the Oseen linearized treatment to the equations of motion. 


5. Flow past a flat plate 


Several attempts have been made to discuss the magnetohydrodynamic flow 
pasta flat plate. In particular Greenspan & Carrier (1959) have discussed the flow 
when the magnetic-field and free-stream directions are aligned and uniform at 
large distance from the plate. They examined the flows for the full range of values 
of e = opv and f# and found that, when / > 1, no steady flow which is uniform at 
large distance from the plate is possible. Their calculations were based on two 
treatments, namely the use of the asymptotic form of the solution of the Navier- 
Stokes equations in terms of parabolic co-ordinates and the solution of the 
classical Oseen linearized equations. They then predicted that at £ = 1 the drag 
on any finite length of the plate was zero. This was interpreted as meaning that 
the magnetic field had been so distorted as to produce a magnetic wall which 
‘plugged’ the entire flow. By the use of the transformation described in the 
previous sections, we can discuss this situation for the case of a perfectly electri- 
cally conducting fluid. To find an approximation for the drag on the plate we use 
a result due to Imai (1957), who considered the viscous flow past a flat plate by 
using a series solution in inverse powers of the square root of the Reynolds 
number RY = U*2/v based upon the distance x from the leading edge. The full 
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solution also included logarithmic terms, but the retention of the first two terms 
in the expansion for the drag will suffice for the present discussion: this gives 


9.39 


RE 


for sufficiently large RY. 
Applying the transformation, the drag D of the flat plate in magnetoliydro- 


dynamic flow is obtained, 


N -328(1— 2-32 


1-2 Ri k, 


The first term only in expression (20) was obtained by Greenspan & Carrier, from 
which they concluded that as # > 1 the drag became zero. It is seen, however 
that the above expression is no longer valid as # > 1, since the above approxi- 
mate treatment requires that RY = (1—f)R, should be large. For the same 
reason, one also questions the applicability of the Oseen approximation to the 
problem in the region of the critical point which corresponds to slow flow in 
the analogous non-conducting fluid-flow problem. Since there does not exist an 
adequate theory which deals successfully with the slow flow past a semi-infinite 
flat plate, that is in the region of the leading edge, a fuller discussion is prevented 
at present. What can, however, be said with certainty is that any attempt to 
discuss the critical region about £ = 1 by making the usual boundary-layer 
approximation will be doomed to failure. 

For the case £ > 1, it is immediately obvious why no solution could be found 
for the flow past a semi-infinite flat plate, since the transformation indicates that 
the flow in the corresponding non-conducting fluid problem is reversed, that is 
the flow will be travelling from right to left over each side of the semi-infinite flat 
plate (0 < x < 0). Thus in the magnetohydrodynamic problem, no steady flow 
which is uniform at a large distance upstream of the plate could be possible in 
such a case. If one had considered a flat plate of finite length then a solution 
would exist and there would be a ‘wake’ upstream of the leading edge of the plate, 
the extent of the wake depending on the magnitude of (8-1) R, and very little 
disturbance downstream of the trailing edge. Greenspan & Carrier (1959) revealed 
this effect, and found that, for finite conductivity and # > 1, the effects of the 
plate were as prominent upstream as they were downstream. For infinite con- 
ductivity the effect is most prominent upstream. Greenspan (1960) has con- 
sidered this effect further. 


(20) 


6. Conclusions 

Though the theory advanced in this paper is simple and enables one to predict 
the possible behaviour of a perfectly electrically conducting fluid past a fixed 
obstacle, the author is aware of some of the difficulties which it presents. In 
particular, in obtaining the drag of a sphere and the patterns of the flow past a 
circular cylinder, it has been tacitly assumed that # remains constant throughout 
the entire flow. The reader is reminded that this depended on the choice of a 
constant value for the function f in equation (8). This can be justified for the case 
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when all streamlines originate from a uniform region at infinity. However, in the 
flows which have been illustrated, a separation bubble has occurred and here the 
streamlines are closed. On these streamlines the function f, though constant 
along them, cannot be determined explicitly on the simple basis of steady flow 
and in assuming the electrical conductivity to be large. This indeterminancy is 
similar to the one experienced in the steady frictionless flow in a confined region, 
for which the velocity distribution cannot be obtained purely on the basis of an 
inviscid fluid model. Batchelor (1956) has discussed this latter problem and has 
shown how this indeterminancy can be overcome by the use of an integral 
condition arising from the effect of viscosity, no matter how small it may be. In 
the steady two-dimensional flow of an inviscid fluid it is well-known that the 
vorticity is constant along streamlines, but that it may vary from one streamline 
to another. Viscous effects allow the vorticity to diffuse across the streamlines 
until a uniform value is reached. A similar situation appears to exist in the case 
of magnetohydrodynamic flow, except that one must consider the effect of finite 
electrical conductivity. Unfortunately the equations do not yield any simple 
integral condition of the type found by Batchelor. A fuller analysis is required 
which takes into account the perturbations due to large but finite conductivity. 
It is hoped to pursue this matter further, and if necessary to solve numerically 
for the unsteady flow of a fluid of finite electrical conductivity. 

One final comment should be made. Equation (8) shows that at the surface of 
the obstacle the magnetic field H will be zero; the current density j will in general 
be non-zero. However a glance at Ohm’s law, equation (3), with E = 0, shows 
that, if large but finite electrical conductivity had been considered, j = 0 on the 
surface. Thus a magnetic boundary laver must be considered near the surface in 
which the magnetic field diffuses in such a way that j becomes zero at the surface. 
This has been discussed by Glauert (1961), who was able to show that for the flow 
past a flat plate the perfect conductivity solution gives the correct limiting skin 
friction. The tangential component of the magnetic field at the surface was found 
to be of O(e-*) as € = pov becomes large. 
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The mean position of the cylinder is in the mean free surface, and the cylinder is 
oscillating vertically (heaving) with a simple harmonic motion of small ampli- 
tude. The problem is studied both theoretically and experimentally. The present 
paper may be regarded as a sequel to an earlier paper (Ursell, Dean & Yu 1959) 
on the waves due to a piston wave-maker. 

The theory is based upon the usual assumptions of classical hydrodynamics, 
ie. that the fluid is inviscid and of uniform density, and that motion starts 
from rest; the motion is then irrotational. Non-linear terms in the equations of 
motion are neglected. It is also assumed that the motion is two-dimensional 
and that the wave channel is of infinite length in both horizontal directions 
normal to the axis of the cylinder. The solution of the boundary-value 
problem is written as the sum of a series of certain wave potentials where 
the coefficients satisfy an infinite number of linear equations in an infinite 
number of unknowns. This theory is an extension to finite constant depth 
of the known theory (Ursell 1949) for infinite depth. Computations are pre- 
sented for the wave amplitude at infinity and for the virtual-mass coefficient 
for h/a = 2, 4, 10 and o, where h is the water depth and a is the radius of the 
cylinder. 

The experiments were conducted in a 100 ft. wave channel, and were arranged 
to be two-dimensional and symmetrical about the vertical plane through the 
axis of the cylinder. The waves generated by the heaving cylinder were partially 
absorbed and partially reflected at the ends of the wave channel. The results of 
measurement thus depend on the precise length of the channel and the accuracy 
is low unless the effect of reflexion can be allowed for, as was done in the earlier 
wave-maker experiment. A more elaborate method of measurement and analysis 
is developed here for the heaving cylinder, to give the amplitude which would 
have been observed in a wave channel of infinite length. Use is made of 
the symmetry of the experimental arrangement. Several improvements 
made in the technique of measurement since the wave-maker experiment are 


reported. 
Comparison of theory and experiment for the wave amplitude shows good 
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agreement, the experimental values being in general a few percent lower than 
the theoretical values. This provides much-needed evidence for the practical 
values of the linearized theory of water waves. 


1. Introduction 

The greater part of the mathematical theory of water waves is based on the 
following assumptions: (1) Density variations and viscosity in the fluid are 
negligible; the motion, if originally started from rest, is then irrotational and can 
be described by a velocity potential. (2) Non-linear terms in the equations of 
motion are negligible; this seems reasonable if the amplitude of motion is small 
enough. It is important to know in what circumstances the linearized theory 
agrees with experimental measurements. Any such agreement is confirmation 
both of the practical value of the theory and the validity of the experimental 
technique; and where agreement between theory and experiment is established 
or expected, it may well be simpler to use theory rather than experiment. The 
experimental evidence relating to the linearized theory was discussed by Ursell 
et al. (1959, §2; this paper will henceforth be referred to as I), who pointed out 
that up to 1959 almost all the evidence in favour of the theory related to frequen- 
cies and velocities, rather than to wave forces and wave heights about which there 
was serious doubt. More conclusive evidence was provided by their experiment 
on the height of waves generated by a flat vertical piston wave-maker. They 
obtained very good agreement with the linearized theory for small waves (and 
also a systematic deviation for higher waves for which no theory is available). 
In their experiment all the assumptions of the theory were simulated, except 
that the absorption of waves at the end of the wave channel was incomplete. 
(Unfortunately, all known wave absorbers reflect a considerable proportion of 
the wave amplitude, and so all measurements depend on the precise length of 
the wave channel. The common failure to allow for incomplete reflexion implies 
a serious limitation on the accuracy of laboratory wave measurement.) They 
developed a method of allowing for incomplete absorption in their experiments, 
and the good results obtained by them depended on this. They also assumed that 
the wave-maker reflected waves incident on it from the absorber like a fixed rigid 
wall; this follows from the linearized theory for the piston wave-maker and 
greatly simplifies the analysis of the experiments. This simplified analysis is 
valid only for a nearly vertical wave-maker, however. 

The present study is concerned with a configuration of both greater complexity 
and greater practical interest than a piston wave-maker. A circular horizontal 
cylinder has its mean position in the mean free surface of the wave channel and 
makes periodic heaving (i.e. vertical) oscillations. The theory is known for a wave 
channel of infinite depth (Ursell 1949). It is here extended to a wave channel of 
finite constant depth, computed and compared with measurements. 

In §2 below, the (two-dimensional) theory for finite depth is given. This 
problem involves two dimensionless parameters (based on cylinder radius, water 
depth, and wavelength), whereas the theory for infinite depth involves only one. 
The wave amplitude and force on the heaving cylinder are computed when the 
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absorption at the ends of the wave channel is assumed complete. In §3 the 
experimental arrangement for measuring the wave amplitude is described. An 
effort was made to make the experiment symmetrical about the vertical plane 
through the axis of the cylinder. The absorption at the ends of the wave channel 
is again incomplete in these experiments; a method of analysing the measure- 
ments to allow for this is developed in §4. Theory and experiment for the wave 
amplitude are compared in §5, and it will be seen that the agreement is close. 
(No measurements of forces have yet been made; see, however, Porter 1960.) 


2. Mathematical theory 

The mathematical boundary-value problem, assumed two-dimensional, is 
formulated as follows (cf. Ursell 1949). 

The origin of co-ordinates is taken at the mean position of the centre of the 
heaving circle (the hvvizontal projection of the cylinder), the equation of the 
mean free surface is y = 0, and the equation of the bottom is y = h > 0. Polar 
co-ordinates are defined} by x = rsin#@, y = rcos9, the equation of the mean 
position of the moving circle being r = a. The motion is periodic with period 
27/o. Then the velocity potential O(x, y;t) satisfies 


a2 a2 
= 0 in O<y<h, r>a. (2.1) 


Oy? 
The boundary conditions are 
=0 on y=0, r>a, (2.2) 
where K = o?/g, and 
Also, there is the ‘radiation condition’ that at infinity the waves travel outwards; 
and further 
U(t)cosO6 on r=a, (2.4) 


where U(t) is the simple-harmonic vertical velocity of the centre of the moving 
circle. Since the problem is linear, the potential is proportional to U(¢), and it is 
convenient not to prescribe the amplitude and phase of U(t) at this stage (see 
equation (2.27) below). The radiation condition is satisfied only approximately 
in our experiments, because of reflexion from the ends of the channel (see §4 
below). The downward surface displacement 7(x, t) is given in terms of the poten- 
tial by 12 
Q= D(x, 0; ), (2.5) 


and the pressure p(x, y; t) by Ari) 
P = PUY (2.6) 


With the exception of an important paper by John (1950) on fundamental 
mathematical aspects, all previous work on this problem is concerned with the 


+ It is convenient, because of the symmetry of the problem, to measure @ from the verti- 
cal rather than from the horizontal axis. 
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special case of infinite depth. The theory and computations given by Ursell 
(1949) are useful for small and moderate values of Ka, and it is this work which 
is extended to finite depth in our present paper. In principle this method works 


F 
OTTO 


A 


(amplitude ratio) 


FicureE 2. 


Figure 1. Schematic diagram of experimental arrangement. A 
B—reducing gear, C—flywheel, D—lever-type linkage, E—cylinder, F—wave gauges and 
carriages, G—wave absorbers. 
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for all Ka, but actually the equations become ill-conditioned for large Ka, 
and a different method (Ursell 1953) is then more suitable; this has been used to 
calculate asymptotic expressions for large Ka for deep water (see also Grim 1953). 
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An approximate mathematical theory has been given by Grim (1953) who satis- 
fies the boundary conditions on the free surface and on the cylinder only approxi- 
mately; his results for small and moderate Ka are shown for comparison with 
ours in figures 2 and 3. A critical discussion of earlier approximations by various 
authors is given by Ursell (1954). 


12 
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Figure 3. Theoretical force coefficients. , Computed curve; 
——-—-, Grim’s curve h/a = oo. 


In the present paper the potential is written as the sum (with undetermined 
coefficients) of wave potentials each satisfying equations (2.1) to (2.3) and the 
radiation condition; the coefficients are to be chosen so that the velocity on the 
circle is given by (2.4). The wave potentials used by Ursell (1949) for the heaving 
cylinder on infinitely deep water were (1) a wave-source potential with a multi- 
valued logarithmic singularity at the origin and (2) single-valued multipole 
potentials singular at the origin. Analogous wave potentials will now be derived 
for water of constant finite depth, which reduce to the earlier forms when h = oo. 
The singular integrals which arise are to be interpreted as Cauchy principal 
values, and are marked by ¥ in front of the integral sign; thus 


© cos ka . K(1—e) | cos ka ] 
dk = lim —,—,— dk |. 
0 K-k 0 K(1+e), K-k 


The shallow-water wave-number ky is defined by 
ky tanh = K. (2.7) 
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2.1. The wave-source potential 
This is 
| cosh k(h — y) cos kadk 


» Kcoshkh—ksinh kh © 


27 cosh kyh 
~ h+sinh coshk,(h—y)coskyxsinot (2.8) 
= F(x, y)cosot+f(x,y)sinot, say (2.9) 


(see Thorne 1953, p. 714). Clearly f(x, y) sin ot is a standing wave, adjusted (as 
will be seen later) so that the combination satisfies the radiation condition. The 
expansion near the origin is obtained by noting that 


e-ky cos ka 
F(x,y) = — (2.10) 


% e-kh(K sinh ky —k cosh ky) cos kx 


Now (2.10) is the singular term in the deep-water source potential (Thorne 1953, 
p. 710), and its expansion is derived in Appendix A; but (2.11) is clearly regular 
harmonic in |y| < 2h. The series expansion of (2.11) is obtained by substituting 
the expansions 


(kr)?s 
cosh ky cos ka = 2 (2s)! cos 288, 
inhk ke = 28s+1)0 


and inverting the order of summation and integration. Thus 
(—Kr)s 
s! 


F(x,y) = (y+ Kr) cos in 30 
s=0 s=1 


— Krys 
(— Kr) +5) 
! s 


KA) (;) cos (28+ 1)0 


2s 
Qs)! (;) cos 286, (2.12) 
where by definition 

e-u du 


and y = 0-5772... is Euler’s constant. It can be shown that the wave-source 
potential (2.8) satisfies the radiation condition. The limit of F(x, y) for large x 
can be found by noting that the integral 


cosh k(h — y) exp (ik|2|) 
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along the real k-axis (indented at k = ky, where the integrand has a simple pole) 
is equal to the integral along argk = 47. and thus clearly tends to zero as |2| 
tends to infinity. Thus 


pl” cosh k(h — y) exp 
Jo Keoshkh—ksinh kh 


dk x (residue at k = ky) > 90 as |x| > 00. 


(The second term is the finite contribution from the indentation at the pole.) 
Taking real parts we find that 


2 h 
F(x, y)— —y) sin as +00, 
whence F(x, y)cosot+/f(x, y)sinot (2.14) 
27 cosh kyh 
Cosh —y) sin (ky |a|—ot) > 0; (2.15) 
0 


and since (2.15) clearly satisfies the radiation condition, the potential (2.14) also 
does so. Similarly F(x, y) sin ot —f (x, y) cos ot satisfies the radiation condition, 
but we shall not use this function. 


2.2. The multipole potentials 
These are 
(x,y) cosot+fy,(v,y)sinot and y) cos at, 
where F,,,(x, y) (n = 1, 2,3,...) is of the form 


cos 2n0 cos(2n—1)0 


F,,, (2, y) = Qn l p2n-l (2.16) 


an {c?”(k) sinh ky + c2")(k) cosh ky} cos kadk. (2.17) 
0 


The terms f,,,(z, y) cos ot and f,,(x,y)sinot are standing waves, added so that 
each complete multipole potential satisfies the radiation condition (ef. §2.1 
above). The coefficient functions c?”"(k) and c?”)(k) are chosen so that F,,,(x, y) 
satisfies both the free-surface and the bottom condition. For this purpose it is 
convenient to use in (2.16) the representation 


cos m@ 1 
which is valid when y > 0 (see Whittaker & Watson 1927, $12.2). It is thus found 


that 
cos cos(2n—1)0 


(2.19) 
1 pl? +k) (K sinh ky — k cosh ky) k?"-* cos ka 
+ K cosh kh — ksinh kh 


2.8) 
2.9) 
(as 
The 
10) 
53, 
lar 
ii 
2 
2) 
a 


536 Y.S. Yu and F. Ursell 


and the series expansion of (2.20) can be found in the same way as the expansion 
of (2.11) above. It is 
Kh-2"t+1 
(2n— 1)! + 1) 


r 2s+ 


+H 
+ Fran (;) cos(2s+1)0, (2.21) 


where by definition >(v+u) du 


= F 9 veoshw—wsinh w 
The behaviour of F,,,(x, ¥) at infinity can be found, in the same way as the 


behaviour of F(x, y) above, to be 


cosh ky(h — y) sin ko |x| 


Thus, if (2.24) 


the combinations 
Fy, (x, y) and y) cos ot 


satisfy the radiation condition. Note that F,,, (x, y) reduces to (2.19) when h = «0, 
and that f,,,(x,y) then vanishes; the multipole potentials are then wave-free at 
infinity. 


2.3. Expansion of the velocity potential 


The velocity potential O(x, y;¢) is written in the form (gb/70/) d(x, y;t), where 
J is a non-dimensional quantity which is adjusted so that b is the amplitude at 
infinity. Then ¢(2, y;t) is non-dimensional, and we assume that 


(x, y;t) = F(x, y) cos ot+f(x, y) sin ot (2.25) 


oO 


a . 
Pant y) cos ot + fon(x, y) sin ot} 


n= 


q2n 
on Fon(%, y) sin ot — fy, (x, y) cos ot}. (2.26) 


n=1 

Note that in this expansion the amplitude and phase of the wave-source potential 

(2.25) have been arbitrarily prescribed. The coefficients p,,, q.,, and also the 

amplitude and phase of the motion of the cylinder are to be found from the boun- 

dary condition on the cylinder r = a, where the prescribed normal velocity is 
proportional to cos 0 (see (2.4) above). We take 

op 


=-—(Acosot+Bsinot)cos9 on r=a, (2.27) 
or a 


where A and B are additional unknowns. On differentiating the assumed expan- 
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sion for 4(x, y;t) and equating coefficients of cos ot and sin ot, it is seen that in the 
range 0 < 0 < 47 the unknowns must satisfy the simultaneous equations 


n=1 2n 
(2.28) 
= 0)) - (r 0)) - («; 
or on 2n or 2n\"> or 2n\"> ’ 
(2.29) 


where, after differentiation, 7 is put equal to a. 

It is convenient to replace these equations by an equivalent infinite set of 
linear equations in an infinite number of unknowns, obtained (from analogy 
with a Fourier cosine series) by multiplying (2.28) and (2.29) by the complete 
set of functions cos (m = 0,1, 2,...) and integrating from 0 to 37. (When 
h = o, the equations for p,,, are independent of the equations for q.,,.) Thus the 


equations for m = 0 are 


A = Ka—(y+1n Ka)sin Ka 


(11 (=1)"" 
+ 
(oe) 28+1 


K o © q\ 2n+2s Kh 


2n 
2msinkyatanhkyh (koa) (2.30) 


2kyh+sinh (2n)! Yan» 


msin kyasinh 2kyh Jon 


~Ka (on)! (2841)! h Yon Kh) 


2rsinkyatanhkyh (kya)?” 9 
00 du 
where (v—u) (vcosh u—usinh wu)’ 


_ fe (utvju sterdu 
and Faq =|. — 


The equations which arise when (2.28) and (2.29) are multiplied by cos 2m0 (m > 1) 
and integrated over (0,47) are similar but more complicated and will not be 
written down here. If A and B are eliminated from these by means of (2.30) 
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and (2.31), the new equations involve only the unknowns p,,, and qp,,, and are 
seen to be of the form 


a)?” 
Pom t Ann Pant Ym Yen = Xm (m = 1, 2,3, (2.32) 
a) 
Jom + Ann Ion — Yn 2n =B2n (m = I, 2,3, (2.33) 
n= n=1 


where &,,, Pn» Ym and a,,, are known functions of Ka and h/a, and where each 
unknown occurs outside as well as inside the sign of summation. This simul- 
taneous system involving the two unknown sets p., and q,, can be reduced in 
several ways to the standard form involving only a single set. The simplest is 
merely to write qo, = Pon_1; this is convenient for numerical work. Alternatively, 
by adding 7 times (2.33) to (2.32), a single set for p,,,+7q2,, is obtained; this is 
convenient for theoretical work on the convergence of the system. Or one may 
note that q,,, occurs in all the equations (2.32) only in the combination 
X(kya)?” Jo,/(2n)!, and py», in (2.33) in a similar combination; these combinations 
may be treated as additional parameters (see Ursell 1950, p. 147). Any one of 
these methods leads to a system of the singly-infinite form 


fo a) 
* * * 9 
Pit AnnPn am (m 1, 2,3, 


n=1 

where again each unknown occurs outside as well as inside the sign of summation. 
A system of this form corresponds to Fredholm’s integral equation of the second 
kind and has a similar theory if certain convergence conditions are satisfied, 
e.g. if 2X |a*,,|2and & |x* |? are convergent. These conditions are already known 
to hold for infinite depth except for those values of Ka, if any, where the infinite 
determinant vanishes and for which the source term is not needed in the expan- 
sion. It can be shown that the same convergence conditions also hold for finite 
depth but the proof will not be given here. It follows that the potential ¢(z, y; ¢) 
can indeed be expanded in the form (2.26). 


2.4. The amplitude ratio 
When all the p,,, and qs,, are known, A and B can be found from (2.30) and (2.31). 
The dimensionless parameter J defined at the beginning of §2.3 can also be ex- 
pressed in terms of p,,, and q»,. For the surface displacement is 

| 
which tends to Hx, 

b 2arcosh* kyh 
mJ 2kyh+sinh 2kyh 


1 (2n 
— cos (ky |x| — ot) h (Koa)" | 
n=1 (2n)! 
as |x| tends to infinity—see (2.15), (2.23), (2.24). By the definition of 6 this has 
amplitude b, and it follows that 
2eosh? 
2kyh+sinh 


sin (ky |x| — ot) h (kga)?” ta 


ech? 


+{14 sech?kyh (Koa) (2.34) 
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l are which evidently tends to 1 as Kh tends to infinity. It is now possible to find the 
amplitude ratio (wave amplitude at infinity) /(amplitude of motion of the cylinder), 
for from (2.27) the vertical velocity of the circle is 

b 
(A cos ot + Bsinot), 
ach which has amplitude (gb/7aJa),/(A?+.B?), the displacement has amplitude 
(gb/70?Ja) ,/(A? + B*) = (b/7KaJ),/(A*+ B?), and the amplitude ratio is seen 
lin to be 7KaJ/,/(A?+B?), where J is given by (2.34) and A and B by (2.30) and 
t is (2.31). 


oly ’ 2.5. The vertical force on the cylinder 
i When the cylinder oscillates vertically, the hydrostatic upward force on it 
4 per unit length is evidently 2pgay,, (where y, is the instantaneous downward 


vertical displacement). There is also a hydrodynamic force, obtained by re- 


vs solving and integrating over the cylinder the dynamic pressure, which is of 
| magnitude — p(e/at) {(gb/maJ) d(x, y; t)}. Thus the downward hydrodynamic force 
per unit length is 
mn. 
nd M (Ka, sinot+N (Ka, *) cos ot| 
cd, where from (2.26) 
yn 
te M(Ka, = F(asin 0, a cos cos 0d0 
n- 
te q2n 
t) 2 »(asin 0, a cos @) cos 
sin 7, a cos @) cos 
). and N(Ka, *) sin 0, a cos cos 0d0 


on a cos 0) cos 0d0 
4n 
+ on F,,, (asin 0, a cos 8) cos 


It is traditional to resolve the force into two components, in phase respectively 
with the velocity and the acceleration of the vertical motion of the cylinder. We 


have 
(Msin ot + N eos ot) 


= cos ot + Bsin i 


(Asin at— Beos ot) 
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Over a cycle the former component does work which is carried away to infinity 
by the waves, and its coefficient is easily expressed in terms of the wave ampli- 
tude at infinity. The latter component is 

NB-MA 


— — 


; ace (acceleration of cylinder), 


and we define the dimensionless virtual-mass coefficient ¢, by 


Kat) -2 NB-MA 


which depends on the frequency. The notion of virtual mass is natural for a body 
oscillating in an inviscid fluid without a free surface, where the force is always 
proportional to the acceleration and where the virtual mass is thus independent 
of the frequency. In wave problems the resolution is artificial. 


2.6. Numerical results 


The amplitude ratio and virtual-mass coefficient which are functions of the two 
variables Ka and h/a were computed for 0-15 < Ka < 6-0 and for h/a = 2, 4, 10 
and oo. The computations were made on the IBM-704 digital computer at the 
Computation Center of the Massachusetts Institute of Technology. Computa- 
tions were first made for infinite depth, all unknowns up to ps. and qgy were 
retained. Since for infinite depth the computation of the p’s is independent 
of the computation of the q’s, this meant the solution of two systems of 16 linear 
equations, each with 16 unknowns. The results were checked against a similar 
calculation retaining only 8 p’s and 84q’s, and against the results of the manual 
computation in Ursell (1949), and agreement to 3 significant figures was observed. 
Computations were then made for the other values of h/a, retaining 8p’s and 
8q’s. As an additional check, values of the two integrals G,,,,(v) and A,,,(v) 
obtained manually were compared both with results from the IBM-704 and with 
uniform asymptotic expansions (not given here), valid for large v and s. To avoid 
the infinities on the real w-axis, see (2.13) and (2.22), the integrals were trans- 
formed by moving the line of integration to arg u = 47 in the complex u-plane. 

The computed curves of the amplitude ratio against Ka for the four values of 
h/a are shown in figure 2. The values for h/a = 10 and h/a = « effectively coin- 
cide, and it appears that the effect of finite depth on the amplitude ratio is not 
appreciable until the ratio of depth to cylinder radius is equal to 2. For com- 
parison, Grim’s curve (1953) is also shown in figure 2 for h = oo. The computed 
curves of the virtual-mass coefficient c, against Ka for the four values of h/a 
are shown in figure 3. It is known that c, tends to infinity like a multiple of 
In (1/Ka) when Ka tends to zero. The dependence of c,, on h/a is seen to be stronger 
than the dependence of the amplitude ratio. However, the curves for h/a = co 
and h/a = 10 again coincide very nearly. Grim’s curve, for h = 00, is also shown 
for comparison. 
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3. Description of experimental apparatus 
3.1. Wave channel and general arrangement 


The experiments were made in the wave channel of the Hydrodynamics Labora- 
tory of the Massachusetts Institute of Technology. The channel is 100 ft. long, 
with a rectangular section 2} ft. wide and 3 ft. high, with glass walls and bottom. 
The clear length available for the present study was limited to about 70 ft. with 
a horizontal bottom. The cylinder generating the waves was located at the middle 
of the clear length with its axis perpendicular to the side walls of the channel; 
the clearances between the ends of the cylinder and the side walls were about 
lin. The wave energy travelling away from the cylinder was partially absorbed 
by two similar wave absorbers made of aluminium wool, near the two ends of the 
clear length of the channel and placed symmetrically with respect to the cylinder. 
An effort was made to make the experiment symmetrical about the vertical 
plane through the axis of the cylinder. The arrangement is shown schematically 
in figure 1. 
3.2. Wave-making unit 


This consisted of three parts, a drive unit, a linkage and a cylinder (see figure 1). 
The drive unit had a } horsepower alternating-current variable-speed motor 
coupled with a 12:1 reducing gear giving an output speed range from 0 to 230 
revolutions per minute. A flywheel of diameter 1 ft. was mounted on the output 
shaft of the reducing gear and carried an eccentric block which was connected by 
a rod to one of the arms fixed to the steel shaft of the linkage. The shaft, 1} in. 
in diameter and 34 ft. long, was supported with its axis normal to the channel 
walls by two pillar blocks bolted on the top flanges of the walls. It carried three 
lever arms, each 1 ft. long and each with one end rigidly fixed to the shaft. One 
of the arms was connected to the flywheel, the other two supported the cylinder 
by means of supporting rods. The stroke of the cylinder could be varied over a 
range of 0 to 6in. by changing the position of the eccentric block on the flywheel. 
The two water-tight cylinders, one of 6in. and one of 12in. outside diameter, 
were made of Plexiglass tubing of tin. wall-thickness. Each cylinder was of 
length 29} in., of semicircular section with vertical sides extended 4in. above the 
water surface. In the experiments the axis of the cylinder in use was normal to the 
side walls of the channel, and there was a gap of }in. between the ends of the 
cylinder and the channel walls. The position of the cylinder could be adjusted 
by replacing the supporting rods by rods of different lengths. The hollow cylinder 
was filled with several sand bags so that its weight was equal to the buoyant 
force when its semicircular section was fully immersed in water. A coil assembly 
of the linear variable differential transformer (see $3.5) for measuring the dis- 
placement of the cylinder was installed on the cover plate of the cylinder. 
Guiding devices were provided to ensure vertical oscillation of the cylinder. 


3.3. Wave absorber 


A permeable type of absorber with a total length of 9} ft. made of aluminium 
wool was located at each end of the channel to dissipate the energy of the wave 
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motion generated in the middle of the channel. Each absorber had two sections, 
The first section was a cage 4} ft. long, 2} ft. wide, and 2} ft. high, made of wire 
screen and divided into three vertical compartments each 1} ft. long and packed 
with aluminium wool. The density of packing increased with distance from 
the wave-maker, the total weight of aluminium wool in the three compartments 
being 2, 4 and 6lb., respectively. Behind the cage there was a pile of aluminium 
sausages, each 5ft. long and about 10in. in diameter, laid lengthwise in the 
channel. Two vertical rigid walls were placed behind the absorbers for symmetry. 
With these absorbers the reflexion in the experiments did not exceed 20% and 
was usually less than 10%. 


3.4. Wave-height gauge 


Two resistance-type wave-height probes were mounted on movable carriages 
(see figure 1) to measure the wave height at different locations along the channel. 
The sensing element of each probe, composed of two platinum wires 0-008 in. 
in diameter and about 1 ft. long, was connected to one branch of a bridge circuit. 
When the elevation of the water surface changed, the immersed length of the wire 
also changed. In fact, since the resistance of the gauge is proportional to the 
length of the wire above the water surface, the current flowing through it varies 
linearly (very nearly) as the displacement of the water surface from its mean 
position. The output signal was amplified and recorded on a Sanborn recorder. 

Each carriage could be driven along the channel at a constant speed of }in. 
per second, and a continuous record was obtained of the wave height as a function 
of time and distance. The distance of each gauge from the axis of the cylinder 
was recorded by a remote electric marker connected to the recorder. 


3.5. Linear variable differential transformer 


This transformer (Linearsyn Model 8 2) measured the vertical displacement of the 
cylinder from its mean position. It converts the displacement into an electrical 
signal directly proportional to the displacement. This device has two parts, a 
coil assembly 11}in. long, with an inner diameter of 0-312in. and an outer dia- 
meter of #in., and a magnetic core of diameter } in. and length 6in. which can 
slide into the coil assembly. The magnetic core was screwed to a point-gauge 
stem clamped to a beam spanning the channel above the water; the coil assembly 
was fixed to the cylinder and followed its motion. The displacement of the coil 
assembly was also recorded by the Sanborn recorder. The transformer had a 
full range of stroke of 4in. and an excitation voltage of 6 V. 


4. Analysis of wave reflexion 


In the mathematical theory of §2 it was assumed that the wave channel is 
infinitely long, or that absorption of wave energy at the ends of the channel is 
complete. In practice the absorption is incomplete (the amplitude reflexion 
coefficient is at least a few percent, and in the present series of measurements 
is sometimes as much as 20%); and unless it is corrected for, it is one of the most 
serious limitations on experimental accuracy. This difficulty has been discussed 
at length in I, §4.1, where it is shown how it can be overcome when the waves 
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are generated by a vertical or nearly vertical wave-maker, but the method then 
used took advantage of the simple geometry. Here we shall have to proceed more 
elaborately. 

In the following analysis it will be assumed that the motion is exactly sym- 
metrical about 2 = 0. It is then sufficient to consider the region x > 0 as will 
henceforth be done. It will also be assumed that the effect of viscous attenuation 
is much smaller than the effect of partial reflexion (see I, §$4.2, 7.2). 

Let ¢, denote the wave motion as measured. At a distance from both the 
cylinder and the absorber, the motion is effectively the superposition of two 
regular wave trains, and there the downward surface displacement is (with a 
suitable choice of time origin) 


= A,sin ot) — Agsin (kyx +t +9), (4.1) 


where A,, A, and 6 can be found by measuring the variation of wave amplitude 
along the channel, and where A, > Ag. The vertical velocity of the cylinder is 
v, = —locos(ot+e). (4.2) 
The wave amplitude at distance 2 is easily seen to be 

(A? + A3 4+ 24, A, cos (4.3) 


From the motion ¢,, another dynamically possible motion can be derived by 
reversing the sign of f. (It is in this argument that the influence of viscosity 
is neglected.) More precisely, we replace t by —t— (d/o) to obtain a motion ¢,. 
Then, in an obvious notation, we have 


= A,sin (kyx—ot)— A,sin (kgx+ot+6), 

V, = —locos(at+d—e). 
Now let us consider the composite motion ¢, = 6, —(A./A,) ¢2. Then the surface 
= sin — ot), (4.4) 
and the velocity of the cylinder is 
— la{eos (ot + €) —(A,/A,) cos (ot + d—€)} 


U3 
= —Icacos(ot+6,), say, 


where a cos 6, = cosé—(A,/A,) cos (S—e) and asin d, = sine —(A,/A,)sin (d—€). 
Equation (4.4) shows that ¢, satisfies the condition of complete absorption, and 
the amplitude ratio for @g is 


(4:)'\- A {1 (4.5) 


{1+ (A,/A,)?— cos (2 — 


This is the quantity which is to be compared with the theory of §2, and we now 
see how it is related to the amplitudes and phases of the actual measured motion 
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5. Methods of measurement 


In order to verify the validity of the assumptions of the linearized theory, 
measurements were made to determine the wave amplitude when the circular 
cylinder was given a forced heaving motion. The analysis of §4 shows how the 
amplitude in a hypothetical channel of infinite length may be deduced from 
measurements on the actual wave motion in a channel of finite length. The follow- 
ing measurements are needed for the amplitude ratio (see equation (4.5)): (i) water 
depth h; (ii) wavelength L = 27/k,; (iii) amplitude A, of the incident wave, 
amplitude A, of the reflected wave, and relative phase 6 (see equation (4.1)); 
(iv) amplitude / and phase ¢ of the cylinder motion (see equation (4.2)). 


5.1. Water depth 


This was measured directly (in feet) with a wooden scale immersed through 
the still-water surface. For the range of water depths involved, the error was 
less than 1%. The consequent error in the amplitude ratio was thus negligibly 
small (much less than 1 %). 


5.2. Wavelength 
This was obtained indirectly from measurements of the wave period 7’ by use of 
(27/7)? = gkytanhkjh, and L = 2z7/kp. 


An electric timer which reads to the nearest 0-02sec was used to record the 
time elapsed for 20 oscillations of the cylinder. The average value of three 
measurements (one at the beginning of the run, one at the end, and one in between) 
was adopted. It was found that the motor speed was nearly constant, the 
maximum difference in the three values being less than 0-5 °%. For relatively deep 
water the consequent error in the wavelength would be less than 1 %. 


5.3. The wave amplitudes and the wave phase 


These are obtained from the variation of wave amplitude along the channel 
(see equation (4.3)). Two resistance gauges, of the type described in §3, were 
calibrated statically by being held in still water at known levels. Changes in 
the immersed length were read on a vernier scale to 0-1mm. The gauges were 
also calibrated dynamically, being given a vertical periodic motion of known 
amplitude in still water. The maximum difference between the static and the 
dynamic calibrations was about 0-03 em, of the order of 3°% of the amplitude. 
It was therefore thought sufficient to make only static calibrations through- 
out the experiments. 

In each run the two gauges were placed one on each side of the cylinder at 
20 ft. from its axis, and when the wave motion had reached a steady state they 
were made to move slowly towards the cylinder. Since the wave motion approxi- 
mates to the sum of two wave trains only at some distance from both the cylinder 
and the absorbers, measurements were confined on each side to a range of 7 ft., 
namely, from 13 to 20 ft. from the axis of the cylinder. (Note that for the analysis 
of §4, measurements over at least half a wavelength are needed.) The record of 


4 
\ 

| wav 
fron 
| of t 
sym 
| bot] 
The 
am] 
| wer 
meé 
ing 
| (4.2 
| the 
am 
Bui 
cor 
Th 
line 
| mo 
be 
| sin 
mc 
wa 
| 
un 
m 
th 
| an 
He 
| va 
co 
le: 
fo 
ol 
6. 
KE 
| Ww 

4 


Surface waves generated by an oscillating cylinder 545 


wave height against position (see equation (4.3)) is the wave-height envelope, 
from which the arithmetic means of the wave-amplitude maxima and similarly 
of the minima on either side of the cylinder were found. The assumption of 
symmetry was checked by comparing the mean maxima and mean minima from 
both sides, and it was found that the discrepancy was less than 4°, in most runs. 
The mean of the values on the two sides was then taken. The average of the wave- 
amplitude maxima was used as an estimate for A, + A,; similarly the minima 
were used to give an estimate for A, — A,. The angular phase d was determined by 
measuring the distances of the wave height maxima from the cylinder, subtract- 
ing an appropriate integral multiple of }L, and dividing by L/47 (see equation 
(4.3)). An average was taken for each side of the cylinder, and it was found that 
the discrepancy between the mean phases on the two sides was larger than for the 
amplitudes, particularly for short-period waves as might have been expected. 
But for such waves the reflexion was small, and the uncertainty in 6 was of little 
consequence. Viscous attenuation of wave amplitude was neglected throughout. 


5.4. Amplitude and phase of the oscillating cylinder 


The amplitude / of the oscillating cylinder was measured in centimetres with a 
linear variable differential transformer. The transformer was calibrated by 
moving the magnetic core up and down in the coil assembly. The movement could 
be read from a vernier to 0-l1mm, and was recorded on the Sanborn recorder 
simultaneously with the wave-height record. It was found that the cylinder 
motion was of nearly constant amplitude throughout each run, and that its form 
was nearly sinusoidal. (For an account of the effect of higher harmonics, see I, 
§4.3.) 

The phase ¢ was measured by moving the wave-height probe along the channel 
until the wave motion was either in phase or 180° out of phase with the cylinder 
motion (both motions being recorded on the Sanborn recorder). It is easily shown 
that the horizontal co-ordinate x at such points satisfies 


A, sin +e) — Agsin (kyx+d—€) = 0; 


and since A,/A, is small, ¢ differs from —k gx by a multiple of 7, very nearly. 
Here 2 is again the distance from the axis of the cylinder, and ky = 27/L is the 
value calculated from the period. 

In calculating the phase angles ¢ and 6, it seems that a large error might be 
committed, since the distance from the cylinder (which may be several wave- 
lengths) enters into both calculations. Actually the angle which appears in the 
formula (4.5) for the amplitude is 2e—0, and it is easily seen that this depends 
(to our approximation) only on the relative distance between two points, not 
on their absolute distance from the cylinder axis. 


6. The amplitude ratio: comparison of theory and experiment 
Measurements were made for two cylinders with diameters of 6 and 12in. 
Each cylinder was immersed in water 10-5 and 22-75in. deep. Thus there 
were four ratios of water depth to cylinder radius, namely 7-58, 3-79, 3-50 and 
1-75. For each fixed value of this ratio measurements were made for different 
35 Fluid Mech. 11 
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wave periods and also for different strokes of the cylinder motion. The stroke 
of the cylinder was kept small to simulate the small-amplitude wave of the theory, 
and yet was large enough to generate waves with height which could be measured 
with sufficient accuracy (maximum error about 3 %) using the present apparatus. 
The methods of measurement were described in detail in §5. 
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Ficure 4. Comparison of theoretical and measured amplitude ratios. , Computed 
curve. h = water depth; a = radius of cylinder; Ly = deep-water wavelength. 


a 
measured hija (in.) 
O 7-58 3 
® 3°78 6 
e 3°50 3 
1-75 6 


The measurements are summarized in Appendix B, tables 1 to 4. Experimental 
results were limited to values of Ka less than 3. At higher frequencies water 
in the gaps between the walls of the channel and the ends of the cylinder tended 
to oscillate violently even when damping screens were put in the gap, and the 
recorded wave-height envelope was very irregular. No attempt was made to 
analyse such data. 
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The amplitude ratio, corrected for wave reflexion as in $4, is plotted in figure 4 
which also shows the results of the theoretical computations. (Although the 
values of h/ain the experiments do not coincide with the values of h/a in the theory, 
it has not been thought worth while to carry out any formal interpolation.) 
The discrepancy between experiment and theory is seen to be systematic but 
small. The experimental points in general lie below the theoretical values, but the 
discrepancy is usually less than about 5%. (A similar discrepancy found in I 
could be partly attributed to finite wave steepness. We have not investigated 
the effect of steepness here.) This agreement between theory and experiment 
on amplitude ratio is believed to be as good as can be expected with the present 
experimental arrangement. 

For comparison a few points (not shown in figure 4) were also analysed by a 
simpler method, the amplitude ratio being taken as A,// instead of formula (4.5). 
This can be justified as follows: If (A,/A,)? is neglected, formula (4.5) is nearly 


A, A, 9 


which has mean value A,// when 6 varies between 0 and 27. Thus if the length of 
the channel is regarded as an unknown multiple of the wavelength, which means 
that 5 is regarded as random, the appropriate value for the amplitude ratio is 
A,/l. It was found that the scatter of the points obtained in this way was notice- 
ably greater than in figure 4. Thus if experimental accuracy is desired in a channel 
of finite length it appears that the complications of the preceding analysis cannot 
be avoided. 


7. Conclusion 

We have shown how the mathematical linearized theory of the heaving cylinder 
can be extended to a channel of finite constant depth. We have also shown how 
wave measurements in a channel of finite length can be analysed so as to give the 
wave amplitude in a channel of infinite length when the experiment is arranged to 
be symmetrical about the vertical plane through the axis of the cylinder. 

The agreement between theory and experiment for the wave amplitude was 
found to be very satisfactory. No experiments have yet been made on the virtual 
mass coefficient, but Porter (1960) has calculated and measured the pressure 
distribution on a heaving circular cylinder. The agreement which he has obtained 
between theory and experiment is surprisingly good, considering that he has not 
apparently made any allowance for the finite length of the channel (nor for 
finite depth though this is less important). A non-symmetrical experiment, the 
partial reflexion of a wave train by a fixed circular cylinder, has been described 
by Dean & Ursell (1959). Amplitudes and forces were measured and compared 
with theory. Naturally the measurements were more numerous and the analysis 
more complicated than for a symmetrical experiment. 


This investigation was sponsored by the Office of Naval Research, United 
States Department of the Navy, under Contract no. Nonr-1841 (44). 
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Appendix A. Note on the expansion of the wave-source potential 
Let the term (2.10) be denoted by F,(x, y). Then 


F(z, 9) = dv 
p—vt 
= Re dv = Ref,(€), say, 
where €=Kz, »=Ky, and = 


Clearly /,() is related to the exponential-integral function and is analytic in 
» > 0. Suppose first that € is real and positive. Then 


dw. 
’ 
w 


= 


also Euler’s constant y = 0-5772... is given by 


y= dw—| —dw. 
w 1 w 


Then, by simple algebra, 


"dw = dw int. 
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whence 


0 (7) 0 
o m 
m! Jy l-wu 
o (—f)m 
1 m! 0 
i 1 


This relation has been proved on the assumption that ¢ is real and positive, but 
both sides are analytic functions when 7 > 0, and so the relation holds at least 
in the haif-plane 7 > 0, and in fact in the whole ¢-plane cut along the negative 
y-axis. On putting € = Kre-” and taking the real part, it is found that 


y) = In Kr cos m0 — ox = sin m0 
. 
0 m! m! m 


Appendix B. Summary of experimental results 
The following notation is used: 


T = measured period of waves; 


& 
| 


= gT?/27, deep-water wavelength calculated from the period; 

2] = stroke of vertical motion of cylinder; 
Ka = 2na/L,,, where a is the cylinder radius; 
Aynax: Hin = MAXimum and minimum wave heights from crest to trough; 
A, max — Ay); 

0 = wave phase (see $5.3); 

€ = phase of cylinder motion (see $5.4); 


R.4 = amplitude ratio (see equation (4.5)). 
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Run 21 15 2e—6 
no. (ft.) (cm) (em) (em) A,/A, (rad) Ka 
1 4-40 2-46 1-12 1-01 0-057 1-37 0-357 0-451 
2 3°65 2-46 1-28 1-22 0-024 1-83 0-431 0-514 
3 2-98 2-46 1-45 1:30 0-057 0-63 0-527 0-543 
4 2-46 2-46 1-58 1-43 0-030 1-68 0-639 0-610 
5 1:87 2:46 1:95 1-64 0-083 0-67 0-834 0-695 
6 1-32 1-82 1-60 1:34 0-088 0-45 1-19 0-810 
7 1-07 1-86 1:78 1-49 0-092 0-56 1-47 0-852 
8 6-20 3:03 1-05 0-85 0-105 1-74 0-253 0-289 
9 9-00 3-03 0-91 0-63 0-19 1-35 0-175 0-223 
10 8-20 3-03 0-89 0:67 0-105 1-71 0-192 0-267 
11 9-10 3-03 0-94 0:63 0-19 1-38 0-173 0-231 
12 7-61 3-03 0-96 0-76 0-12 0-41 0-206 0-286 
13 1-67 2-15 1-79 1-59 0-060 1-04 0-940 0-735 
14 1-51 1-56 1-27 1-09 0-076 0-59 1-04 0-765 
15 1-15 1-67 1-44 1-06 0-15 1-74 1-37 0-839 
TaBLE 1. Experimental results for h/a = 7:58, a = 3 in. 
no. (ft.) (em) (em) (cm) A,/A, (a7 rad) Ka R, 
1 2-80 1-31 1-13 0-90 0-104 0-30 1-12 0-801 
2 1-50 1-40 1-26 1-08 0-052 0-41 2-10 0-838 
3 1-72 1-41 1-26 1-07 0-079 0-26 1-83 0-864 
+ 3-08 1-31 1-09 0-96 0-068 0-39 1-02 0-791 
5 7:67 2-65 1-44 1-30 0-053 0-57 0-410 0-507 
6 12-1 2-68 1-01 0-73 0-103 0-39 0-260 0-330 
7 8-00 2-66 1-24 1-03 0-090 0-04 0-393 0-462 
8 6-49 2:66 1-40 1-18 0-110 0-27 0-484 0-513 
9 5-42 2-66 1-53 1:39 0-048 0-02 0-580 0-575 
10 4:47 2-66 1-88 1-72 0-046 0-80 0-703 0-652 
11 3-70 2-66 2-06 1-76 0-080 1-43 0-850 0-700 
12 3°31 2-67 2-29 2-00 0-069 0-84 0-950 0-760 
13 1-62 1-97 1-69 1-46 0-073 1-75 1-95 0-838 
14 2°33 1-85 1-61 1-41 0-066 0-42 1-35 0-823 
15 1-12 2-06 1-77 1-51 0-080 1-55 2-80 0-799 
16 1-28 2-06 1-80 1-59 0-062 1:59 2-45 0-827 


TABLE 2. Experimental results for h/a = 3-78, a = 6 in. 
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Run 21 2e—d 
no. (ft.) (em) (em) (cm) A,/A, (mrad) Ka R, 
1 1-46 2-38 2-06 1-65 0-113 1-16 1-07 0-792 
2 1-61 2-38 1-97 1:71 0-073 0-42 0-976 0-781 
3 3°33 2-30 1-30 EEE 0-079 0-69 0-471 0-501 
4 4-86 2-30 0:97 0-87 0-053 1-95 0-323 0-421 
5 5-99 2-30 0-80 0-69 0-073 0-28 0-263 0-338 
6 5-06 3°24 1-24 E37 0-029 1-85 0-283 0-377 
7 6-20 3-24 1-15 1-02 0-062 1-21 0-253 0-349 
8 7:25 3-24 1-01 0-80 0-114 0-54 0-209 0-278 
9 13-3 3-24 0-69 0-54 0-121 0-57 0-118 0-194 
10 20-7 3-24 0-54 0-37 0-191 1-58 0-076 0-138 
TABLE 3. Experimental results for h/a = 3-50, a = 3 in. 
no. (ft.) (em) (em) (cm) A,/A, (mrad) Ka R, 
: 20-5 3-24 1-09 0-86 0-12 1-86 0-154 0-330 
2 16-4 3-24 1-14 0-88 0-13 1-13 0-192 0-347 
3 9-31 3-24 1-60 1:37 0-078 0-59 0-338 0-443 
4 7-23 2-63 1-49 1-29 0-072 1-67 0-435 0-544 
5 5-35 2-63 1-69 1-56 0-043 0-18 0-588 0-638 
6 4-31 2-63 2-04 1-79 0-068 0-78 0-729 0-685 
7 3-71 2-63 2-16 1-95 0-053 0-93 0-847 0-743 
8 3-02 2-63 2-49 2-11 0-083 1-37 1-04 0-837 
9 1-48 1-43 1:39 1-18 0-081 0-40 2-12 0-920 
10 1-36 1-43 1:32 1-20 0-048 0-19 2-32 0-914 
ll 2-52 1-31 1-26 1-05 0-095 0-30 1-25 0-900 
12 1-37 1-43 1-28 1-15 0-049 1-90 2-30 0-894 
13 1-72 1-92 1-90 1-67 0-066 0-45 1-83 0-928 
14 1:99 1-91 1-83 1-65 0-050 1-56 1-58 0-934 
15 3-16 1-83 1-57 1-44 0-042 0-18 0-994 0-820 


TaBLE 4. Experimental results for h/a = 1-75, a = 6 in. 
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On hydromagnetic waves of finite amplitude 
in a cold plasma 


By P. G. SAFFMAN 
King’s College, London 


(Received 21 April 1961) 


The existence of steady, one-dimensional, finite-amplitude waves in a cold 
collision-free plasma is investigated for the case in which the plasma and the 
magnetic field are uniform far ahead of the wave. It is supposed that the magnetic 
field at infinity is inclined at an angle / to the direction normal to the plane of the 
waves (0 < # < 7). It is shown that the problem is equivalent to determining 
the orbits of a particle in a uniformly rotating field of force. 

Two types of waves are found to exist for # + 0: solitary waves and quasi- 
shocks. In a quasi-shock, the plasma and magnetic field oscillate irregularly 
behind the wave front about mean values, which are different from the values 
ahead of the wave. The width of the wave front is of the order of the ion gyro- 
radius. The quasi-shocks resemble oblique magnetohydrodynamic shock-waves. 
For the case £ = 0, only solitary waves exist, which have already been described 
(Saffman 1961). 

The stability of the waves is considered, and it is concluded that the quasi- 
shocks are stable but that the solitary waves for # + 0 are unstable. 


1. Introduction 


The existence of steady one-dimensional hydromagnetic solitary waves of 
finite amplitude in a cold plasma has been demonstrated by Adlam & Allen (1958), 
Davis, Liist & Schliiter (1958), and the author (1961). The two former sets of 
authors examined the transverse case in which the magnetic field lies in the plane 
of the wave and is perpendicular to the direction in which the wave propagates. 
The present author considered the longitudinal case in which the magnetic field 
ahead of and behind the wave is parallel to the direction of propagation and 
perpendicular to the plane of the wave. 

An obvious extension of this work is to consider the case in which the magnetic 
field is inclined at an acute angle to the plane of the wave. In the present paper, 
we shall set up the equations for such waves and discuss the general nature of their 
solutions. It is found that the problem is equivalent to determining the orbits of 
a particle in a uniformly rotating field of force. (The motion is also analogous to 
that of a particle in a smooth spinning bow! of a particular shape.) The equations 
are non-linear, and it has not proved possible to find exact solutions. However, 
general properties of the orbits can be obtained by using general theorems for the 
motion of dynamical systems. 

It transpires that there is a fundamental difference between the oblique waves 
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and the longitudinal ones. Whereas, in the latter case, the equations only admit of 
a unique solution, there may be infinitely many solutions for oblique waves (and 
also for the transverse case with # = 47). Moreover, there are strong indications 
(although rigorous proofs are lacking) that some of the solutions represent 
solitary waves, and that the others describe waves or oscillations of semi-infinite 
extent. That is, there exist solutions in which the plasma is uniform ahead of a 
wave front, and its properties vary with distance behind the front in an oscil- 
latory but non-periodie fashion. It is possible to calculate the mean values of the 
velocities and of the magnetic field behind the wave front (or at least reduce the 
problem to quadrature), and since the change is essentially irreversible we have 
quantitative information about a flow which resembles an oblique collision-free 
magnetohydrodynamic shock-wave. 

It is also shown in §8 that none of the oblique solitary waves (including the 
transverse case but excluding the longitudinal one) are likely to be physically 
significant because they are all unstable. 


2. The equations of motion 

We shall now set up the equations describing steady one-dimensional hydro- 
magnetic waves in a cold plasma. A frame of reference moving with the waves is 
chosen, so that all variables are functions of only one space co-ordinate, x say. In 
the present work, we shall only consider the case in which the plasma and the 
magnetic field ahead of the waves (at « = —0o) are uniform. There are then three 
possibilities for any waves which we may obtain. They may be solitary waves in 
which conditions behind the wave (at « = +0) are uniform and the same as those 
ahead of the wave; or true shocks in which conditions at x = +00 are uniform but 
different from those at 2 = —oo; or waves of semi-infinite extent in which the 
plasma behind the wave does not return to a uniform state but the variables 
oscillate with x in some manner. This last possibility we shall term a quasi-shock. 

We denote by U the component of the velocity of the ions and electrons in the 
x-direction (i.e. normal to the plane of the wave) at infinity ahead of the wave, and 
the number density of the ions and electrons at x = —2# by NV. 

We suppose that the magnetic field ahead of the wave is of strength H) and 
inclined at an angle # to the x-axis. Moreover, without loss of generality we may 
superpose any velocity in the y- or z-directions (i.e. in the plane of the wave), and 
we do this so that the electric field ahead of the wave is zero. This implies that the 
velocity and magnetic field are parallel (see figure 1). 

The equations of motion can be made non-dimensional (as in Saffman 1961) by 
normalizing the variables with respect to the velocity U, the number density NV, 
the magnetic intensity MH), and the length 


= (2.1) 


In (2.1), ais the Alfvén velocity H,/{47N(m;+m,)}', ¢ is the velocity of light, e is 
the electronic charge, and m,, m, are the masses of the ions and electrons, 
respectively. Gaussian units are employed. 

We make the usual quasi-neutral approximation, appropriate to hydro- 
magnetic waves, that the number densities of ions and electrons are equal, 
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from which it follows by the equation of continuity that the z-components of 
the ion and electron velocities are equal. Some immediate deductions from 
Maxwell’s equations for the electromagnetic field can also be made. They are 
that the z-component of the magnetic field is constant, and that only the x-com- 
ponent of the electric field is non-zero. Then the dimensionless magnetic field 
is h = (cos,h,,h3) and the dimensionless electric field is E = (Z,0,0). The 
dimensionless velocity of the ions is u; = (w,v,,w,) and that of the electrons is 
U, = (U, Ue, 


Plane of the wave 


FicurE 1. Sketch of the geometry. 


The (dimensionless) equations of motion for these variables take the form (see 
Montgomery 1959; or Saffman 1961) 


Mudu, ‘ 
dx E+u,ah, (2.2) 
(2.3) 
and ucurlh = (u;—u,). (2.4) 


Here y? = m,/m;, and M = U/ais the Alfvén Mach number based on the velocity 
of the plasma normal to the wave. 

These equations are valid provided the z-component of the plasma velocity 
does not vanish, so that the particle trajectories do not loop back upon themselves. 
We now search for solutions which satisfy w->1, E> 0, h3+h2 sin? as 
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x —>—0o. Clearly, we can without loss of generality replace the last condition by 
h, > sin f, h; > 0. The cases of the transverse and longitudinal waves can be 
obtained by putting = 47 and = 0, respectively. + 


3. Reduction of the equations 


In the present problem it is convenient to follow the method of Montgomery 
(1959), who considered periodic waves of infinite extent rather than that 
previously employed by the author. We introduce a (dimensionless) time t by 


dx/dt = u(x), (3.1) 


and henceforth use ¢ as the independent variable. Differentiation with respect 
to t, which we denote by a dot, is differentiation following a particle. 

It is easy to show, by adding (2.2) to (2.3) and using (2.4), that the equations 
possess three first integrals. These are 


+70, (y+?) cos B = (y tan (3.2) 


Mh, cos = 0, (3.3) 
= 14+3M- sin? £. (3.4) 
The arbitrary constants have been fixed by the conditions at x = —o. These 


equations express the conservation of momentum. 
Combining (3.2) and (3.3) with (2.4), we obtain the transverse velocities in 
terms of the magnetic field and its derivatives. Thus, 


v; = h, M-* cos — yh, + tan — M-? cos? (3.5) 
v, = h, M-* cos y—h, M- + tan — M-* cos? f), (3.6) 
w; = h,M-*cos + yh. M-, (3.7) 
w, = cos B—y—h, M-. (3.8) 


We now substitute these expressions into (2.2) and (2.3) to obtain 
hy +(y-!— y) Mh, cos —h,(u — M-* cos? B) = —sin B(1— M-? cos? f), (3.9) 
hs —(y-1—y) cos B — — M- cos? f) = 0. (3.10) 
Here, wu is given by (3.4) in terms of h, and hg, and we are interested in solutions 
which satisfy h, > sin £, h, > 0 as t > —o0, and which are such that wu is always 
positive. Once h, and h, are known, the other variables follow immediately. 


Necessary but (and it is important to stress) not sufficient conditions for a 
solution to exist can be determined by investigating the form of the equations 


when linearized in h,— sin = €, say, and h, = 3, say, i.e. near t or x = —oo. The 
linearized equations are 
Cot = 0, = 0, (3.11) 


where A= w=1-M-*, v=1—M-*cos?f. 


+ There is an apparent difficulty about / = }7, as with the present geometry it makes 
the velocity, in the plane of the wave, infinite. However, this trouble is not real, and is 
overcome by dropping the requirement that # vanishes at infinity. The final equations (§ 3) 
are in fact independent of the particular value of EF at x = — 0, and we take 2 = 0 simply 
for convenience. 
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If we try solutions in which ¢ and ¢ are proportional to e”', we obtain the 
quadratic for p?: (3.12) 
There are various cases depending on the relative magnitudes of jv, v and A. 

Case (i). v > 0 > w, or cos < M < 1. The quadratic for p? then has two real 
roots, one positive and the other negative. The negative root gives pure imaginary 
values for p which cannot satisfy the condition that the solution vanishes as 
t-> —oo. Hence, in this case there is at most a unique solution describing the 
waves. (The arbitrary constant in the solution can be absorbed into the position 
of the origin of ¢ and, equivalently, x.) It will be a valid solution if it satisfies 
wu > Oeverywhere, but this is a very much more difficult question which we shall 
leave for the moment. 

Case (ii). v > «> 0, or M > 1. The quadratic for p? has two positive roots if 
jet+v—A2 > 2,/(yv), and two complex roots if > wt+v—A? > —2,/(m). 
In either case, there are two values of p with positive real part, and there may be 
therefore an infinite number of solutions depending upon the relative values of 
the coefficients of the two exponential terms. 

On substituting for , v and A, we find that there are two cases according as 


cos? < ie. tanf > y -y, (3.134) 
or cos? > (3.135) 


In the former case, p* has two positive roots for 1 < M < M,, and two complex 
roots for J! > M,. In the latter case, p* has two complex roots provided M > MM, 
and two negative roots for JJ < 1. Here 


Mt =14 [cos? #{1 + 1p (3.14) 

cos? 
(These results follow without difficulty from a consideration of the roots of 
jet+v—A® = +2,/(uv). These changes in the nature of the solutions for particular 
values of # and WV are puzzling, and the author has not seen any obvious physical 
interpretation.) 

Case (iii). 7 = v > 0, or 6 = 0, M > 1. The values of p are complex with non- 
zero real part if > A®, ie. > Hy 4+y). Otherwise they are pure imaginary. 
There are infinitely many solutions, but they are all essentially the same and 
can be obtained from one another by rotating about the normal to the wave 
plane. 

Case (iv). « = 0 or M = 1. One of the roots of the quadratic for p? is zero, and 
the corresponding solution must be zero. The other root is positive if (3.13) is 
satisfied, in which case there is a unique solution; and is negative if (3.130) is 
satisfied in which case there is no non-trivial solution. 

Case (v). 0 >v> or < cos The quadratic has two negative roots, so the 
only solution is the trivial one in which all variables are constant. 

To summarize the conclusions of this section, we have obtained the basic 
equations for finite amplitude waves and determined the conditions for solutions 
to exist which initially grow exponentially from a uniform state. These are 
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necessary, but not sufficient, for the solutions must be bounded for all ¢ and must 
also satisfy u > 0if they are going to represent finite amplitude waves with a real 
physical meaning. For this purpose it is useful to notice that the basic equa- 
tions (3.9) and (3.10) describe the motion of a particle in a uniformly rotating 
field of force, which is the superposition of a central force and a constant accelera- 
tion, and we shall for the sake of clarity discuss the equations in terms of this 
analogy. This is, in fact, a particular form of the restricted three-body problem. 


4. Analogy with the motion of a particle in a uniformly rotating field 
of force 

If we write X = hy, Y = hs, then, from (3.9) and (3.10), _X, Y are the co-ordinates 
of a particle of unit mass moving ina plane under a conservative field of force 
with potential 


V = Y2-sin? £)?—3(1— M-* cos? —sinf)?+ Y?}, (4.1) 
and subject to a Coriolis force of amount A times its velocity, where 
A = (y-y) cos 


The point X = sinf, Y = 0 is a point of equilibrium (the arbitrary constant in 
V has been chosen so that V = 0 there) and corresponds to the uniform state 
at upstream infinity. 

The motion has an energy integral 


Y*)+V =0, (4.2) 


where the total energy is zero for particles at the equilibrium point at ¢ = —oo. 
The particle orbit is confined to the region V < 0, and it is clear from inspection 
that this region is bounded and of finite extent. Hence, all solutions of the 
equations are bounded. 

The curve V = 0 is sketched in figure 2. There are three cases, corresponding 
with cases (i), (ii) and (iii) of the previous section. A is the point of equilibrium, 
and B and C are the other intersections of V = 0 with the X-axis. The curves are 
symmetrical about this axis. 

In case (i), there is a unique orbit starting from A. In case (ii), there are infinitely 
many orbits or none, depending upon the values of # and M [see (3.13) and (3.14)]. 
In case (iii) (longitudinal waves) the solution is essentially unique if it exists. 

The number of exact solutions which have so far been obtained is very limited. 
Case (iii) has been solved completely (Saffman 1961). Solutions for case (ii) can be 
obtained if A = 0 (zero Coriolis force), which occurs if # = 37 (transverse waves) 
or y = 1 (i.e. m; = m,). In these, Y = 0 and the orbit is from A to B and back 
again. For the case # = 47, these solutions were found by Adlam & Allen (1958) 
and Davis et al. (1958); the orbit from A to C and back again, which entails a 
reversal in the magnetic field, is not a possible solution because it violates, as 
we shall see later, the condition u > 0. 

It may be mentioned here in passing that the equations governing the motion 
of the particle, (3.9) and (3.10) with X = h, and Y = hg, are invariant under the 
transformation t > —t’, X > X’, Y + — Y’. Hence, symmetrical solutions exist 
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Figure 2. Sketch of the accessible portions of the (X, Y)-plane for cases (i), (ii) 
and (iii). All orbits start from the point A. 


V0 if 
dhs 
| me 
| wa 
int 
sol 
| He 
TI 
fre 
SO. 
V>0 I 
B 
| 
| 


Lydromagnetic waves in a cold plasma 559 


if and only if X and Y vanish together for some value of ¢. In terms of the plasma 
waves, the condition for symmetrical waves is that a plane should exist on which 
dh,/dx and hg vanish together. The exact solutions just mentioned are sym- 
metrical waves. 


5. Oblique solitary waves in a plasma with mass ratio unity 


For the sake of completeness, we shall describe briefly the oblique solitary 
waves in a plasma with m; = m,, since they (although perhaps mainly of academic 
interest) have not apparently been reported before. The equations admit of a 
solution for all WM > 1 withY = A, = 0; and (4.2) becomes 


4X2 = 1M-*(X —sin f)? {4(M?—1)—4sin (5.1) 
Hence, 

1 sinf {1 sin?f 1 


The plus sign corresponds to the orbit from A to B, and the minus sign with that 
from A to C. These solutions are symmetrical about ¢ = 0 and therefore describe 


solitary waves. 
We must now consider the value of wu, to determine whether the solution has 


physical validity. By (3.4), 
u=1+3M~sin®? £-3M-2X?, 


and the minimum value of wu occurs at B and C, which have co-ordinates 


Xx = —sin 2(M?— cos? £)}, (5.3) 
Xo = —sin 2(M?— cos? £)}. (5.4) 
Then u(B) = —1+2M-*cos? 2M-sin £(M?— cos? f)}, (5.5) 
u(C) = —14+2M-*cos? sin B(M?— cos? (5.6) 
Examination of these expressions shows that u(B) > 0 if 

M? < 2+2sin£. (5.7) 

On the other hand, w(C) < 0 for all M (> 1) if 
cos28 <4, ie. dn. (5.8) 


But if B < 47, u(C) > 0 for 
M? < 2—2sinf. (5.9) 
Thus, if 8 > 37, only the solution corresponding to the path from A to B, which 
means that the magnetic field increases, is physically relevant. But if 2 < 37, the 
other solution from A to C in which the direction of the transverse magnetic field 
reverses may also be valid, and there is more than one possible solitary wave. The 
values of all the other variables can be found from (5.2) and the equations of § 3. 
We note now for future use that the results (5.3) to (5.9) hold generally for 
case (ii) (JZ > 1) whatever the value of the Coriolis effect A. Moreover, if u(C) > 0, 
then u > Oeverywhere in V < 0. This completes the discussion of exact solutions, 
and we now consider the general case. 
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6. General properties of the orbits 


The solutions of the equations are repesented by orbits which leave the point A 
of figure 2 and are contained within the region V < 0. The orbits can be of two 
types, closed or open. By a closed orbit we mean one that returns to A ast >+ 0, 
and by an open one we mean an orbit that never returns to A but wanders 
indefinitely through the permissible region of the plane. The closed orbits would 
give solitary waves, with conditions the same at upstream and downstream 
infinity. (There is no a priori reason for saying that the structure of the solitary 
waves is symmetrical.) The open orbits would give a motion in which the variables 
oscillate indefinitely as ¢-> +00, which is what we have called a quasi-shock. 
A true shock would require the existence of another equilibrium point with V = 0 
to which the particle would tend as ¢ > +00, and such a point is easily shown not 
to exist. Unfortunately, it is a very difficult question to determine which orbits 
are open or closed. However, this type of problem has been examined by workers 
in classical dynamics (see, for example, Birkhoff 1927; Khinchin 1947) and it 
is a very plausible assumption that the quasi-ergodic theorem applies to the 
dynamical system we are considering. 

The consequence of making this plausible assumption is that closed orbits 
may exist but there are not more than an enumerable infinity of them. The open 
orbits, if they exist, are such that the trajectories in four-dimensional phase space 
(X, Y,X, ¥) lie on the three-dimensional manifold X?+ ¥?+2V =0 and go 
infinitely near any point of it an infinite number of times, and their density in 
phase space is asymptotically uniform. Thus an average over a sufficiently large 
time is equivalent to an average over the accessible region of phase space. 

Consider now our three cases. For case (i), there is a unique solution which may 
be a solitary wave or a quasi-shock. For case (ii), the number of orbits is a non- 
enumerable infinity (since an orbit is determined by the ratio of two arbitrary 
parameters), and there probably are solitary waves, but there will be quasi-shocks. 
For case (iii), there is essentially one solution which is a solitary wave. [The 
longitudinal waves of case (iii) are fundamentally different from cases (i) and (ii) 
(0 < # < 3m) and are included here for the sake of completeness. The reason is 
that when / = 0 the equations have another integral because the angular momen- 
tum (relative to a certain frame) is conserved. The motion therefore has only one 
degree of freedom as opposed to cases (i) and (ii) where there are two degrees of 
freedom.] Note that by the quasi-ergodic theorem, time averages following a 
particle are the same for each quasi-shock (for given M and £, of course). 

It remains now to consider which, if any, of these possible orbits will satisfy 
wu > 0, which is necessary if our equations are to be a valid description of the flow. 
We have from (3.4) that u > 0 if 

X?+ < 2M?+sin?£, (6.1) 
i.e. provided the particle remains inside a circle of radius (2M?+sin?#)!. This 
circle contains the point A, so all solitary waves which stay sufficiently close to 
A will be possible. The necessary conditions for the case of the waves in § 5 and the 
longitudinal waves, we already know. More than this we cannot find for the 
solitary waves. 
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However, the problem is easily solved for the quasi-shocks, since then the 
orbits go almost everywhere, and the condition reduces to u(C) > 0 since C is the 
point farthest from the origin in the region V < 0. 

For case (i), with cosf < M < 1, it follows from (5.6) that w(C) > 0 for 
M? < 2—2sin £ which is (5.9). (Note that 2—2sin £ > cos? #.) Thus for case (i), 
whatever the solution, i.e. whether or not it is a solitary wave ora quasi-shock, it is 
physically significent if the Alfvén Mach number lies between cos and the 
smaller of (2—2sin #)! and 1. 

Case (ii) is more difficult. As shown at the end of §5, u(C) > Oonly if < {mand 
M? < 2—2sin£. However, the conditions expressed by (3.13) and (3.14) for the 
orbit to leave the vicinity of A must also be satisfied, and these depend upon the 
value of the mass ratio of the ions and electrons. If y? = m,/m; > (7—/13)/6, 
then (3.13) is satisfied, and quasi-shocks exist, for the range of values of # which 
satisfy (3.13a). For smaller /, they exist only if 


(2—2sinf)} > M > M,. (6.2) 


If y? < (7—,/13)/6, which is the case for Hydrogen, they exist only if (6.2) is 
satisfied (with £ < 37). We can show that it is impossible to satisfy (6.2) if 
y < /2-1, which means that quasi-shocks with IW > 1donotexist for Hydrogen, 
although they may for a plasma with mass-ratio closer to unity. 

We shall now calculate in the next section the mean properties of the plasma 
behind a quasi-shock for case (i). It should be noted, incidentally, that if the 
electric field ahead of the wave is taken to be zero, the total velocity of the 
plasma is U sec 8, and the Alfvén Mach number based on this velocity, M* say, 
is equal to M sec £. Thus, for quasi-shocks in case (i), 


1<M*<secfh if jz, 
1 < M* < {2/(1+sinf)# if da. 
The maximum permissible value of 1/* occurs for 8 = 37 and is 2/3. In any 


case, M* is greater than one, so we are not really finding shock-like motions with 
Alfvén Mach number less than one. 


7. Mean values behind a quasi-shock 

It seems plausible that in case (i), where there is a unique solution of the 
equations and of the conditions at ¢ = — 00, that it will depend upon the particular 
values of y, M and # whether the waveisasolitary wave or a quasi-shock. That isto 
say, it is not likely that the solution willalways be a solitary wave. For suppose one 
orbit is closed, and we change the force field slightly by putting a small bump in 
the path. Then the particle is deflected and will wander around. It seems unlikely 
that subsequent passages across the bump can have the effect of putting it back 
on to an orbit which returns exactly to the starting-point A. Thus, we expect the 
open orbit to be the rule, and the closed orbit to be the exception. A further 
supporting argument for considering quasi-shocks will be given in § 8. 

Now we cannot calculate the detailed properties of the quasi-shock, but by the 
quasi-ergodic theorem we can calculate the mean values following a particle, 
these being the mean values over the phase space, and we can deduce space 
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averages for the plasma waves. This is, of course, entirely sufficient for our 
purposes, for such mean values are all that could be observed. 

The trajectory in phase space of the particle in the mechanical analogue lies on 
a hyper-surface of constant energy in four-dimensional phase space. For given 
X and Y, the surfaces of constant energy are circles in the X, Y-plane. The appro- 
priate way of taking phase averages of a function of the phase-space co-ordinates 
is to integrate it over the volume of phase space between the hyper-surface of 
constant energy and a neighbouring one, divide the integral by the volume of 
integration to obtain an average, and take the limit as the distance between the 
hyper-surfaces tends to zero. (For a full discussion of the method of taking 
averages, see Khinchin 1947.) It follows that the phase average, which will be 
denoted by angle brackets, of a function f(X, Y) independent of X and Y, is 


dX dY 
(7.1) 


the integration being over the region V < 0 of the X, Y-plane (see figure 2(i)), 
Phase averages of functions involving the velocity in the orbit are 


(Af) (Kf) = (Pf) ete. (7.2) 
In terms of the plasma waves, these phase averages give the asymptotic time 
averages behind the wave front following the motion of a particle (ion or electron). 
These will be the appropriate ones for the average energy and momentum per 
particle. However, the particles are moving with variable velocity u in the 
x-direction; and the time averages will not be simply proportional to the space 
averages over x, which will be more appropriate in the case of the magnetic field. 
The velocity wu is given by (3.4) in terms of X and Y, and the relation between 
space averages and time averages is (an over bar denoting space averages) 


f = (7.3) 
For the physical quantities of most interest, i.e. the velocities and the magnetic 
field, fis a polynomial in X and Y. The double integral can then be evaluated by 
using polar co-ordinates centred on A (see figure 2(i)), and by first integrating 
with respect to the distance from A. In these co-ordinates, defined by 
sinf-X=rcos0, Y=rsin0, 
the bounding curves V = 0 have the equations 
r = 2cos@ sin + 2(M?—cos? £)}. (7.4) 
The integrations are now straightforward, but long and tedious, and the final 
expressions are not at all simple. They are indeed too complicated for general use, 
and it was not thought worth while working them out in full. For our present 
purpose of determining the general features of quasi-shocks, it is sufficient to give 
the results for the two limiting cases at the ends of the range for which case (i) 
applies: these are case (a) 0 < M—cosf < 1, and case (b) 0 < 1—M <1 (note 
that case (b) requires £ < 47). 


+ I am indebted to Dr F. D. Kahn for pointing out an error here in an earlier draft and 
for giving the correct method of taking phase averages. 
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Case (a). M = cosf. We find that 


(he) = (X) =—4gsinB, = (Y) = 0. (7.5) 
<h3) = sin? = sin? (7.6) 

Then from (3.5) to (3.8), we have that 
(v;) = = (w;) = (w,) = 0. (7.7) 


Also, u = 1, so that to this order of approximation, space and time averages are 
the same. The mean-square variations of the velocities are 


((u— = 9, 
— = = tan? B, (7.8) 
— = — = tan? B. 


Thus, for M sufficiently close to cos £, there is no difference in the mean properties 
of the ion and electron velocities. 

If we interpret these mean-square variations of velocity as a temperature, they 
imply that the temperature behind the quasi-shock is non-isotropic, with zero 
temperature in the direction of the wave normal and maximum temperature in 
the direction in which there is no mean magnetic field. (It is to be remembered 
that the above velocities are non-dimensional.) Owing to the greater mass of the 
ions, most of the ‘heat’ is carried by the ions. The orientation of the mean flow 
and magnetic fields is shown in figure 3 (a). The mean flow is turned back through 
the angle #+ where tan = } tan 

Case (b). M = 1(8 < 3m). We find that: 


= 1—fsin?£, 


{v;) = = — ¥sin cos tan? £), (7.9) 
= = 0. 
The time average of the magnetic field is 
= 0. (7.10) 
The space average of the magnetic field is different and is 
h, = hs = 0. (7.11) 


It is interesting that the mean direction of the particles is not parallel to either of 


the magnetic field averages (see figure 3(b)). 
The mean-square time averages of the particle velocities are: 


(uw?) = 14+4sin?#+ sintZ, 

(v2) + isin? cos? + sin’ tan? B+ £, 
= fsin? cos? sin' £, 


{w2) = isin? cos? 8+ 34 y~* 
e 4 247 
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The expressions for cases (a) and (5) are generally of the same order of magni- 
tude. The exception is the velocity fluctuations of the electrons. Remembering 
that y? = m,/m, is a small quantity for a real plasma, we see that the transverse 
fluctuations of the electron velocity are y-! times larger than the other velocities. 
It follows that the ‘temperature’ of the transverse electron motion is comparable 


| 
| 
acos | 
Velocity | 
Hg sin / | 
Hy | Hy cos 
| 
Hp cos | 
Magnetic field | 
| 4Hp sin 
(a) M=cos/ 
a tan p | 
a (1—% sin? /’) 
| 
a | 
| 4a sin 2/ (1—2 tan? 
| 
g 
i | 
: Ho sin p | Hy cos B 
Hy | 
| 
— Hy cos | 
3H, sin sin? £) 
(6) M=1 | 


Ficure 3. The mean flow behind a quasi-shock, for the cases (a) when the upstream 
velocity is just greater than the Alfvén velocity a, and (b) when it is just less than a see /. 
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with that of the ions. This effect will disappear only when M is close to cos f. 
The temperature of the longitudinal velocity fluctuations (i.e. in the x-direction) 
is much greater for the ions than for the electrons. 

The quasi-shocks are essentially irreversible motions which transform a 
uniform state into an irregularly varying one, and provide an example of a 
dissipation mechanism in a cold collision-free plasma, which does not invoke 
collisions, electrostatic oscillations, or require the plasma ahead of the wave to be 
warm. It is to be emphasized that there is no spread of velocity at a fixed point of 
space, so that strictly speaking the plasma remains cold on passing through a 
quasi-shock, but an observer on a scale large compared with the ion gyro-radius 
would appear to see random motions superposed on a uniform state, i.e. the 
plasma would look warm. 

An estimate of the width of the quasi-shock or more precisely the transition 
region can be obtained by considering the rate at which the disturbance to the 
uniform state grows, as was done in § 3. In dimensional quantities, we can define 
the width as d = 1/p, where p is given by (3.12) and / is the geometric mean of the 
ion and electron gyro-radii. For hydrogen, y is small and 

(7.13) 
P [(M?—cos? (1— M2)}3 
Thus d is of the order of the ion gyro-radius. 

The features of the oscillation behind the transition region are difficult to 
establish with certainty. From an inspection of (3.9) and (3.10), it can be seen 
that the largest term in each equation is the second or ‘Coriolis’ term involving A 
(see 3.11). In general, this will balance either the first term in each equation, 
giving fast oscillations with d/dt o A (i.e. at the electron gyro-frequency), or the 
last term giving slow oscillations with d/dt oc A! (i.e. at the ion gyro-frequency). 
The fast ones must be of small amplitude O(A-') in the magnetic field, in order 
that the ‘energy’ integral (4.2) be satisfied; and it follows from (3.5) to (3.8) that 
they mainly affect the electrons, giving the electrons energies comparable with 
that of the ions in the slow oscillations. Thus the general picture seems to be one 
of velocity oscillations of the ions and electrons with comparable amplitude at the 
ion gyro-frequency, the energy being carried by the ions, on which are superposed 
oscillations of the electrons at the electron gyro-frequency with a comparable 
amount of energy. 

The relation of the present theory to experiment is limited of course by the fact 
that areal plasma would have a non-zero temperature, but it is not clear at present 
exactly how this would change the waves described here. Amongst other things, 
Landau damping in a hot plasma would possibly become important and have 
to be taken into account, providing an extra dissipative process. 


8. Stability of the waves 

We have seen that the waves can be represented by the orbits of a particle in 
a uniformly rotating field of force, and that there are two types of orbit, open or 
closed, if 8 > 0. Now the effect of small disturbances will be to introduce small 
perturbations on the right-hand side of the equations of motion (3.9) and (3.10) 
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which will cause the particle to move slowly from one orbit to a neighbouring orbit 
in phase space. Now the number of closed orbits is enumerable, and there are 
infinitely more open orbits. Thus even if the conditions at t = —0o are such that 
the particle is initially on a closed orbit, any small disturbance (except those of a 
very special kind) will put it on to an open orbit, and a disturbance to a particle 
on an open orbit will in general put it on to another open orbit. Thus the closed 
orbits are unstable. The mean properties of the open orbits are all the same, by 
the quasi-ergodic hypothesis, so even though an individual open orbit is unstable, 
the mean properties of particles on open orbits are stable in the sense that they 
are unaffected by small disturbances. 

In terms of the waves, this means that the solitary-wave solutions are unstable 
and very much the exception, whereas the quasi-shocks are stable in mean, and 
will be the rule. (This is why the analysis of § 7 is physically significant, even if the 
exact solution is a solitary wave.) In particular, the transverse solitary waves 
(f = 47) are unstable and would not be expected to occur or be physically 
significant. The difficulty now is that quasi-shocks cannot be constructed which 
satisfy the condition w > 0 when M > 1, unless £ < ja and the mass ratio is 
sufficiently close to unity, which rules out Hydrogen. Thus the only physically 
significant solutions, which satisfy the condition that the ion and electron paths 
are not looped, are the quasi-shocks of §7 and the longitudinal solitary waves 
(Saffman 1961). For these latter waves correspond to a dynamical system with one 
degree of freedom, and small disturbances will only perturb or distort the orbit 
and not change its character. 

It should be noted that the stability concept employed here is different from 
that usually understood in fluid mechanics, but resembles that sometimes 
employed in the theory of differential equations. We are not considering whether 
a small disturbance of the steady basic flow will grow or decay with time, but 
rather the question whether the steady solution can exist in a slightly perturbed 
form if steady external disturbances are present. The boundary conditions at 
x = — oo (the uniform state) are supposed fixed. Then the introduction of a small 
steady external disturbance does not affect the solution at upstream infinity, but 
in general has considerable effect on the solution at downstream infinity, and it is 
in this sense that the solitary-wave solutions with # +0 are unstable. An 
individual quasi-shock is likewise unstable, but since they all have, in general, 
the same average properties, we can say that they are stable in mean. 
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The distortion of a magnetic field by 
flow in a shock tube 


By M. D. COWLEY 


Department of Engineering, University of Cambridge 
(Received 23 June 1961) 


Induced magnetic fields in shock-tube flows have been measured by previous 
authors, in order to determine the electrical conductivity of ionized gases. 
Distortion of the applied magnetic field was taken to be small. In the present 
work, the full magnetic field solution is developed for idealized boundary con- 
ditions. At a magnetic Reynolds number equal to 4 the distortion is found to be 
considerable, but the field is well represented by a solution correct to third order in 
magnetic Reynolds number. The axial field in a real shock-tube configuration was 
computed, and experimentally measured fields were found to agree reasonably 
with theory. 


1. Introduction 

The electrical conductivity of an ionized gas can be found experimentally from 
the currents induced in the gas when it flows through a magnetic field. This tech- 
nique was used by Lin, Resler & Kantrowitz (1955) to determine the conductivity 
of argon. The flow of ionized argon was generated in a shock-tube, and the mag- 
netic field was applied by means of a d.c. coil, mounted so that its axis coi cided 
with that of the shock-tube. Recently Pain & Smy (1960) have made similar 
measurements of the conductivity of argon using a shock tube and two pulsed 
field coils. In both these experiments, the magnitude of currents in the gas was 
deduced from the pick-up on a search coil, and the response was calibrated by 
comparison with the response due to materials of known conductivity. The 
analyses of the results concentrated on the fact that the sample of gas has a 
finite length over which the conductivity is not constant. This variation occurs 
since there is a small region behind the shock in which the gas has not reached 
equilibrium, and there is a subsequent cooling of the gas with ‘bremstrahlung’ 
radiation. 

In principle the induced currents can be calculated from the interaction of 
the flow with only the applied field if the conductivity and velocity distributions 
are known, and the currents are not strong enough to modify the applied field 
appreciably. The induced field at the search coil can be determined by Biot— 
Savart’s law. It is well known that such a technique is valid when the magnetic 


i ll, i.e. 
Reynolds number is small, i.e Ry = pool €1, (1) 


where 4 is the permeability, o the electrical conductivity, v the velocity, J a 
typical length, and the M.K.S. system is being used. However, except in small, 
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low-speed shock-tubes the condition (1) is not valid, and it is the purpose of the 
present paper to investigate the distortion of magnetic fields as the condition is 
relaxed. If we can express the field solution as a power series in 2,,, 


B= B,+2),B,+ Ri,B,..., (2) 


where B, is the applied field, interest lies in the second- and higher-order terms. 
Although the analysis of Lin et al. (1955) assumed the condition (1), their search 
coil was calibrated over a range of values of R,,. In their case the second- and 
higher-order effects were found to be negligible, and could be discounted. 

We shall assume here that the applied magnetic field is weak so that the elec- 
trical conductivity is scalar, and magnetic forces have negligible effect on the 
flow pattern. The latter condition requires that 


o B?l 
Cy <1, (3) 


where is a typical field strength, and p is the gas density. The problem is then 
idealized by assuming that there is steady uniform flow down the tube, the elec- 
trical conductivity is constant, and the gas sample has infinite length. This 
idealization is reasonable if the applied field region is short compared to the length 
over which the conductivity changes appreciably, and the rise of the induced field 
is rapid. The magnetic field is taken to be axially symmetric with only radial 
and longitudinal components, as might be given by coils or systems of coils whose 
axes coincide with the shock-tube axis. 

Kinematic problems in magnetohydrodynamics, for which the velocity field 
and conductivity distribution are assumed to be known, have been treated by 
many authors, notably Lundquist (1952). Usually there have been no boundaries 
to the velocity field, and in a previous paper, Cowley (1961), the simple solution 
for a wire loop or coil was given. Here the problem is more difficult. The kine- 
matic solution within the shock-tube must be compatible with a free-space solu- 
tion outside. However, as a first step towards understanding the higher-order 
effects in Rj, we may assume that the magnetic flux at the wall of the tube can 
be measured, and the problem reduces to that of finding a kinematic solution for 
a known boundary condition. In practice the magnetic flux at a high-conductivity 
metal wall will be held constant for the duration of flow in a shock tube. It is 
then easily measured 

Although the higher-order effects are likely to be small, it is interesting to see 
to what extent shock-tube experiments respond to the predictions of the simplest 
form of steady-state magnetohydrodynamic theory. The later part of the paper 
describes some measurements of the distortion of a magnetic field. 


2. Kinematic solution 


We shall use the cylindrical polar co-ordinate system (7, 9,2) where the z-axis 
lies along the axis of the tube. The assumptions discussed in the introduction 
require that 


0, e/cO=0, B=(B,,0,B,), v= (0,0,»), (4) 
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where the z-component of the velocity is constant. It is easily seen that the electric 
field intensity is zero, and the magnetic field can then be found from 


divB = 0, (5) 
curl B = pj = pov x B, (6) 


where we shall assume constant permeability, and j is the current density. 
It is convenient to use the vector potential A with the definition 


curlA=B, divA=0, (7) 

and to introduce co-ordinates referred to the tube radius ry 
2 = (8) 
Then by (4) we have A = (0, A, 0), (9) 


(5) is necessarily satisfied and (6) becomes 


A (10e(RA)\_ 
(10) 
where 2A = provry. If o is constant the problem can be characterized by A, or 


more naturally by the magnetic Reynolds number based on tube diameter with 


Ry = 2povr, = 4A. (11) 
Rearranging (10), we obtain 


For present purposes we seek a solution to (12) of the form 
a= | Ay(Zy)f(R, Z—Zy)dZy, (13) 


where Ay, would be the measured value of A on the tube wall at Z = Z,,. It 
should be noted that A, is related to the total magnetic flux enclosed by the 
particular transverse section of the tube. The elementary solution for a small 
flux element, A,f(Z)6Z, will have boundary conditions 


A=Ay at R=1, < 


(14) 
A=0 at R=1, Z< Z>4eZ. 


The required expression can be found by straightforward Fourier-transform 
techniques, and the derivation is given in the Appendix. We obtain for the field 
on the axis of the tube 


Le 


where J,[(q2 + A2)?] is a modified Bessel function of the first kind and of first order. 
Although (15) is an exact solution, it is interesting to expand the integrand in 
powers of A, and find how many terms would be needed for a reasonable estimate 
of the field strength using a power series in R,. 
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The expansions for modified Bessel functions of the first kind give 


(q2+A2)8 ~ n=0 mi(n+1)! n=0m=0 (n— m)!m'! (n+ 1)! 


nen {(m —m) + (m+ 1)}! 
22” 


We then have 
(17) 


LQ) 
provided that 9 for all q. (18) 
Terms containing J,,,,(q)/q”J,(q) in (17) have their maximum values at q = 0, 
and hence (18) is satisfied if A/I,(A) > 1, which requires R,, = 4A < 9-95. 


Z 0 0-1 0-2 0-3 0:4 0-5 
Io(Z) 1-775(8) 1-723 (0) (4) (3) (3) 91 (3) 
9,(Z) 0-384 (7) (0) (4) ~—-0-314. (8) 0-267 (7) 0-226 (0) 

0-6 0-7 0-8 0-9 1-0 1-1 
0-6815 0-5068 0-3688 0-2641 0-1867 0-1307 
0-1831 0-1449 0-1123 0-0858 0-0646 0-0481 

1-2 1:3 1-4 1-6 1-8 2-0 
0-0909 0-0628 0-0433 0-0204 0:0954 0-0045 
0-0356 0-0261 0-0190 0-0100 0-0052 0-0026 

2-2 2-6 3-0 
0-0021 0-0010 0-0004 
0-0013 0-0003 0-0001 


The results for which the last figure is given in parentheses may be in error by 0-0002. 


TABLE 1 


Substituting from (17) in (15), we can obtain 
6Z = {9.(Z) — Ri, g,(Z) + (19) 


where g)(Z) and g,(Z) are even functions of Z given by 


9o(Z) and g,(Z) can also be expressed in series form as can be seen from the 
alternative expression to (15) derived in the Appendix. However, convergence 
for small Z is not rapid. Using the series where possible and the method for 
numerical integration developed by Filon (1928) where not, the above table 
(table 1) has been compiled. 
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Finally, expanding e#2'4 in (19), we obtain the first four terms of the power 
series solution: 


= go(Z) + Ry + Ry 321 2°Go(Z) g(Z)} 
Ri, 3891 2°99(Z) 3Zg,(Z)} + O(R4,)- (21 ) 


3. Discussion 

If the magnetic flux at the wall is held constant for a d.c. coil mounted outside 
the tube, A,, is symmetric about the plane of the coil, and decreases monotonic- 
ally to zero with distance from the coil. Such a variation of A,,- is crudely repre- 
sented by the boundary conditions (14), and the elementary solution (15) should 
give an indication of the general features of the magnetic field due to a single d.c. 
coil. However, when the restriction on magnetic-field changes at the wall is 


067 First order 
First and second order 


SBiz% 
AydZ 
04+ 


02+ 


Equation (19) 


20 


06+ 
FicureE 1. Comparison of induced field solutions on the axis of a tube for Ry = 4. 


relaxed, it is likely that field distortion is greater than is indicated here. Figure 1 
compares approximate solutions for the induced magnetic field 66,7 on the axis 
of the tube when R,, = 4. Values of the applied field 6B), can be found from the 
previous table since by (21) dByz79/AydZ = g9(Z). Two of the curves in figure 1 
are taken from equation (21), and represent solutions correct to first order and 
second order in R,,. The remaining curve was calculated from equation (19). A 
few points were computed from the exact solution and were found to be indis- 
tinguishable from the last curve in the figure. The induced field is also quite well 
represented by the solution correct to third order in R,,. 

The maximum induced field on the axis has a value approximately one-quarter 
of the maximum applied field. Second- and higher-order effects do not have a 
great significance when considering the magnetic field as a whole, but they can 
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be important when measuring the induced field only, as in the experiments on 
electrical conductivity. However, the second-order term in the solution is zero at 
Z = +0-5 approximately, points at which the magnitude of the first-order term 
is nearly maximum. This feature may be guessed intuitively since first-order 
radial-field components will tend to disappear near where the first-order field on 
the axis is a maximum; second-order induced currents and axial fields will then 
be small. When the tube is non-conducting, similar reasoning suggests that second- 
order flux linkage through an external search coil is zero in the region of maximum 
first-order flux linkage. The fact that higher-order effects were small in the experi- 
ments of Lin e¢ al. (1955) might perhaps be due to having the search coil in such a 
position. In the work of Pain & Smy (1960) two field coils with opposing currents 
were arranged symmetrically about the plane of the search coil. Second- and 
all even-order flux linkage would be zero. However, some tests showed a marked 
variation of conductivity along the length of the gas sample, field strengths were 
in some cases nearly high enough for dynamic interaction, and the present argu- 
ments are hardly justified. 


4. Experiments on field distortion 


A Sin. diameter combustion-driven shock-tube was used for experimental 
measurement of magnetic field distortion. The test-section tube was made of 
copper, and hada wall thickness of } in. The decay time for a uniform magnetic field 
in such a tube is approximately 30 msec, as compared to the 0-2 msec maximum 
duration of ionized gas flow. Tests with an external search coil confirmed that 
flux changes at the copper were negligible. A weak magnetic field was provided 
by a short d.c. coil mounted co-axially with the shock tube. The field strength on 
the axis of the tube was 5 x 10-? W/m/?, and the dynamic interaction parameter 
C,, based on this field strength and the diameter of the tube was of order 10-?. 
The applied flux at the wall was measured for a series of transverse sections on a 
separate test rig. 

Two search coils mounted in a non-conducting probe were used to measure 
the induced field on the axis of the tube. The probe had to be constructed robustly, 
but the reduction in total flow area due to its presence was only 1 %. In order to 
take a series of induced field readings, the position of the field coil relative to the 
shock tube could be varied. The search coils were designed to give a large- 
amplitude signal so that trouble from the electrostatic pick-up noticed by Lin 
et al. (1955) would be avoided. However, aslight pick-up was observed, and had to 
be allowed for. The signals were integrated before display on an oscilloscope. 

Ionization probes detected shock position at four points upstream of the test 
section, and the time taken for the shock to pass between probes was measured. 
Uniformity of measured shock velocity was taken as a reasonable indication that 
flow velocity behind the shock would be uniform. De Leeuw (1958) has tabled 
values of velocity and electrical conductivity behind strong shocks travelling 
into argon, which was the working gas in the present case. He assumed that 
thermal equilibrium is obtained behind the shock, and computed electrical con- 
ductivity by the same method as Lin et al. (1955). From these results experimental 
values of R,, could be estimated. 
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Test runs were made with shock Mach numbers in the range 11-0—11-3 and in 
the range 14-2-15-3. Corresponding values of Ry, are 1-5 —1-6 and 3-1-3-8. The 
initial gas pressure was 3mm of mercury. A third series was attempted for 
Mach numbers of 17, but conditions were found to be too unsteady. Results 
are plotted in figure 2, and are compared with theoretical curves for mean values 
of R,, in each series. The curves were found by numerical integration, using 
measured values of A,, and the solution given by equation (19). It should be 


Biz ro 
Ry kl 4 


Flow direction v 


Ry 3-4, 154, 0 


v 


Ficurr 2. Induced field on the axis of the shock-tube. The full lines are calculated from 
the known flux at the wall. The symbols, O and 7, designate experimental readings taken 
for R,, in the region of 1-54 and 3-4, respectively. I refers to current in the d.c. coil. 


noted that, in order to close the seale of the graph, the induced field has been 
divided by R,,. All experimental points have been scaled by a further factor of 
0-94. The absolute calibration of the search coils was only of this order of accuracy 
although their relative calibration was better. The arbitrary reduction of the 
experimental values has been done to emphasize the fact that in relation to each 
other the results of each series show the expected trend. Scatter of the points is 
due to experimental errors rather than variations of R,, within the test ranges. 

A typical oscilloscope trace is shown in figure 3. Although relaxation times for 
ionization were greater in the low Mach number series, equilibrium appeared 
to be reached in all runs. The purity of the argon was approximately 99%, a 
fact which may account for the rapid ionization. It is not expected that the 
presence of impurities would seriously affect the estimates of conductivity. 
Between the initial rise of induced field and the cut-off with the advent of the 
driver gases at the contact ‘front’, the oscilloscope trace shows a gradual decay 
on which a slight ripple is superimposed. The decay is due to radiation cooling 
lowering the gas conductivity. The ripple is slightly greater than that expected 
from typical variation in measured shock velocity. Lin et al. (1955) observed a 
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similar effect, and have suggested that it is due to radial oscillatory motion of the 
gas interacting with longitudinal field components. In measuring the magnitude 
of the signal an estimate was made of the shape of the trace if the ripple were 
discounted, and the reading was taken at a point before decay had become 
appreciable. 


FicuRE 3. Typical oscilloscope trace of integrated signals from the search coils. Shock 
Mach number 15-2, time scale 40 ysec/em. For the upper trace the search coil was at 
Z = —0-84, and for the lower at Z = — 0-64. 
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Figure 4. Displacement of the point on the axis of the shock-tube at which the induced 
field is zero. Points calculated from the solution correct to third order in Ry are shown 
by the symbol ©. Points taken from the experimental curves are shown with the expected 
range of error by the elongated crosses. 
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The position at which the induced field is zero is moved progressively down- 
stream as R,, increases. The determination of this point experimentally for each 
series is not affected by systematic errors in the reading of the magnitude of in- 
duced fields. This displacement was estimated from curves giving the best fit 
to the experimental points. The results are compared in figure 4 with points 
calculated for the solution correct to third order in R,,. 


The author is greatly indebted to Dr J. A. Shercliff for many stimulating dis- 
cussions during the course of the work and to Mrs P. Camm for her help in com- 
puting results. The shock-tube project is supported by the United Kingdom 
Atomic Energy Authority. 


Appendix: Derivation of the magnetic field solution 
Let = e~4A, and WV(q) be the Fourier transforms of so that 


If we assume © and 0.°7/0Z > 0 as |Z | > oo, and defer justification until later, 
(12) becomes 


eo - 
et 0. (22) 
The appropriate solution for the field inside a tube is 
T= +22) (23) 


where C is a constant. The transform of the boundary conditions (14) gives, at 
R=1, 


46Z 
= > AydZ, as (24) 


Using (24) in (23) to evaluate C, and inverting, we obtain 


(25) 
The magnetic field on the axis of the tube is then given by 
fo 2 
_ | (26) 


The path of integration for (26) can be closed in the complex q-plane by a curve 
where iq > 00 if Z > 0, or where ig > —« if Z < 0. The poles of the integrand 
lie at ¢ = +7(A2 +2)? where «, is any of the roots of J,(«) = 0, except for « = 0, 
and J,(«) is a Bessel function of the first kind and of the first order. The sum of 
the residues at the poles in the appropriate half plane gives 


(27) 
AydZ s=1 + 1)! 
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A similar series can be formed for the integral in (25), and it is found that the 
original assumptions, .</ and 0.0//@Z > 0 as |Z| > 0, are justified. The integral 
of (26) is expanded as a power series in § 2. The series for the individual terms are 
most easily obtained by expanding (27). 
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Relaxation effects on the flow over slender bodies 


By J. F. CLARKE 
College of Aeronautics, Cranfield, Bucks 


(Received 29 March 1961) 


The effects of heat-capacity lag on the flow over slender bodies are examined by 
means of an extension of Ward’s (1949) generalized treatment of the slender-body 
problem. The results are valid for smooth bodies of arbitrary cross-sectional 
shape and attitude in the complete Mach number range up to, but not including, 
hypersonic conditions. Transonic flow can be treated owing to the presence of a 
dissipative mechanism in the basic differential equation, but the results in this 
Mach number range are probably of limited practical value. 

The results show that cross-wind forces are unaffected to a first approximation, 
but that drag forces comparable with laminar skin-friction values can arise as a 
result of the relaxation of the internal degrees of freedom. The magnitude and 
sign of these effects depend strongly on body shape and free-stream Mach 
number. 

Results are given for the surface pressure coefficient, and the variations of 
translational and internal mode temperature on and near the body are also found. 
The influence of these latter effects on heat transfer to the body is discussed. 


1. Introduction 

In the sections to follow we shall examine the flow of a polyatomic gas about 
slender three-dimensional bodies, taking into account the effects of heat-capacity 
lag. To simplify the problem we shall assume that the gas is inviscid and non-heat 
conducting, although we shall attempt, very briefly, to indicate how these gas 
properties would affect the simpler flow patterns obtained here. 

From a practical point of view, relaxation effects are likely to assume greater 
significance as the general level of gas pressure decreases. The relaxation times for 
adjustment of internal molecular states to conditions of thermal equilibrium 
vary inversely with pressure, and it is conceivable that we may find ‘relaxation 
lengths’ comparable with over-all body length in some circumstances. (‘Relaxa- 
tion length’ is defined as the product of relaxation time7 and free-stream speed U.) 
Provided that the number of collisions required to excite the internal mode is 
sufficiently large, it is possible to encounter such conditions within the régime of 
continuum flow. We treat the problem on the basis of this possibility. 

The analysis to follow makes no explicit reference to any particular gas or 
mixture of gases, but some examples are given for CO,, a gas which exhibits some 
of the required effects in circumstances which are practically realizable. 

The effects of internal-mode relaxations on gas-dynamic behaviour have been 


investigated previously by Gunn (1952), who gave an account of sound absorp- 
37 Fluid Mech. 11 


~ aS 
577 
en 
av 


578 J. F. Clarke 


tion and dispersion, shock-wave effects, one-dimensional nozzle flows, and of the 
drag experienced by an object as a result of the dissipative actions of relaxation 
(the latter confined to two dimensions). The drag problems treated by Gunn are 
generally tackled by finding the perturbations introduced into a ‘non-relaxing’ 
gas flow, and he does not consider questions of transonic or supersonic flow. Here 
we attempt to ‘unify’ the treatment in the manner of Ward’s (1949) solution of 
the inert-gas slender-body problem. The general question of relaxing and reacting 
gas flows has received a certain amount of attention recently, and it is pertinent 
to remark here on the formal similarity which exists between effects of heat- 
capacity lag and those which arise when endothermic chemical reactions occur in 
a gas flow. This similarity is made apparent by the fundamental work of Kirk- 
wood & Wood (1957), and appears also in recent papers by Moore & Gibson (1960) 
and Vincenti (1960). An analysis of the supersonic flow of a chemically reacting 
gas round a sharp corner which would apply equally well to a relaxation effect 
problem has been given by Clarke (1960a). Moore & Gibson based their considera- 
tions on a velocity potential which satisfies the telegraph equation. The latter can 
be shown to approximate to the ‘exact’ small-perturbation equation for cases 
where the differences between frozen and equilibrium sound speeds are small. 
Vincenti considered the ‘wavy-wall’ problem, thereby dealing with a type of 
fundamental solution of the steady two-dimensional small-perturbation equation 
for reacting or relaxing gas flows, using, as does Clarke, the ‘exact’ small-disturb- 
ance equation. The one-dimensional unsteady analogue of Vincenti’s problem 
(the harmonically oscillating piston) has been examined by Clarke (1958), and the 
step-input piston problem in a reacting gas has been treated by Chu (1957). 

Most of the work to date, therefore, has been concerned with ‘fundamental’ 
types of solutions, or ‘inputs’, to the gas. One may perhaps level some criticism, 
from a practical point of view, at the ‘wavy-wall’ and harmonically oscillating 
piston solutions, since it is an essential feature of relaxation or reaction effects that 
entropy shall be produced continuously during the time taken to reach a new 
equilibrium state. The infinite past histories of these processes would therefore, 
strictly, require an infinite difference of entropy between the postulated ‘undis- 
turbed’ regions and those adjacent to the object. Such (rather pedantic) 
objections are removed when the disturbing influence is of finite physical size 
(or duration). 

As noted by Vincenti, the inclusion of a dissipative mechanism into the analysis 
permits one to obtain continuous solutions from a purely linear equation right 
through the ‘transonic’ region. Indeed, the presence of an infinity of sound 
speeds, ranging from the frozen to full equilibrium values, smears the transonic 
region over a finite band of free-stream velocities, so that the singular behaviour 
of the linear flow equations is confined to only one frequency of the infinite range 
which must be superimposed to summarize the effect of the obstacle as a whole. 


2. The equations 

We shall assume in what follows that only one internal energy mode exhibits 
significant relaxation effects. Any other modes are treated as ‘active’ modes, and 
it is supposed that their energy content is specified once the translational tem- 
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perature 7; is known. Following Kirkwood & Wood (1957), it is assumed that the 
state of the relaxing mode is described by another temperature 7), which only 
equals 7, when complete thermal equilibrium prevails. The specific internal 
energy e of the gas is made up as follows: 


e= + (1) 
qT, 
where (2) 
0 
= 3 (3) 


Here C,, and C,, are the specific heats at constant volume for the translational 
plus active degrees of freedom of the molecule and for the relaxing mode, 
respectively. When e, is in equilibrium with e,, the upper limit of integration in 
equation (3) is replaced by 7. We write C, for the total specific heat at constant 


volume, i.e. C, = Cy t+ Cre. (4) 


(When C,, and C,, are temperature dependent, equation (4) only has a meaning 
when 7; = 7,.) Note that a similar notation is followed by the specific heats at 


constant pressure. We shall write 


C, = Cn + (5) 
The pressure p, density p, and translational temperature are related by 
p = pkT,, (6) 


where RF is the appropriate gas constant per unit mass. The gas is therefore treated 
as thermally perfect. 
The relaxation of the internal mode to an equilibrium state is assumed to be 
described by the linear law 
De,(T, ) 
T = €,(T;) (7) 
where 7’ is therefore the relaxation time, D/Dt the usual convective operator, and 
e,(7,) signifies that the internal mode has an energy content appropriate to the 
actual, local, translational temperature. Since we are to deal with small perturba- 
tions from an originally undisturbed (equilibrium) stream, it is reasonable to 
assume that 7’ is constant throughout. Furthermore, since 7, will not differ 
greatly from 7; in these circumstances, equation (3) shows that we can approxi- 
mate equation (7) by DT, 
Dt T, —T,. (8) 
This is tantamount to saying that C,, is a constant, evaluated at the free-stream 
temperature 7); and, in the small-disturbance problem, we may say likewise 


for C,,. 
The energy equation can be written as 
DT, 
37-2 
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and C,, and C,,. can subsequently be treated as constants. Here q is the gas velocity 
vector, and we do not introduce any further linearization at the present stage. 
DT,/Dt can be eliminated from equation (9) by means of (8); and, using the mass 
conservation equation in the form derived by Kirkwood & Wood, it can be shown 


+ = 0. (10) 


Here a, and a, are the frozen and equilibrium sound speeds, respectively, and are 


at = = (CpIC,) (PIP) 


Now, we would anticipate, on physical grounds, that the presence of relaxation 
effects in a gas flow will serve to make ‘detailed’ changes in the flow pattern when 
compared with a corresponding inert-gas problem, but will not change the 
‘orders of magnitude’ of quantities involved. For example, in the case of the 
linearized reacting gas flow round a sharp corner, the pressure coefficient on the 
surface is found to vary from — 26/B, to — 20/B,, where 0 is the turning angle and 
B, and B, are the usual Ackeret Mach-number factors based on the frozen and 
equilibrium sound speeds, respectively. The variation from a B, to a B, type of 
factor represents a ‘detailed’ change of pressure coefficient, but its ‘order of 
magnitude’ remains at the value 0. There is no reason to suspect that this situation 
will alter when we come to consider the three-dimensional situation involved in 
the present slender pointed body problem, and accordingly we accept, as a general 
guide, the orders of magnitude given in Ward’s (1949) paper. It should be 
remarked at this stage that we are only going to deal with steady-flow problems in 
what follows. Henceforth, therefore, the operator D/Dt becomes synonymous 
with q.grad. Thus we shall follow the procedure, which is rigorously justifiable in 
the case of inert gas flow past slender bodies (see, for example, Lighthill 1945), of 
linearizing the basic differential equation but keeping appropriate non-linear 
terms in the relation between pressure and velocity. 

It has been shown by Vincenti (1959) and Moore & Gibson (1960) that the 
linear approximation in a relaxing or reacting gas flow is consistent with the 
existence of a velocity potential. Defining a disturbance potential ¢ such that 


od 10¢ 
where w, v, w are the disturbance velocity components in a cylindrical polar 
co-ordinate system (2,7, 0), the linearized version of (10) becomes 


10% 0 12 (24) 10% 
(13) 


in which A=TU, (14) 


where U is the free-stream velocity, directed along the x-axis, A is the relaxation 
length, and M, and J, are the frozen and equilibrium Mach numbers, namely, 


M, =U Mz = U (15) 


(Suffix co denotes a free-stream, or undisturbed, value.) 
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In accordance with the remarks made above, the pressure coefficient is written 
) +7 (55) 


(see, for example, Ward 1949). The pointed nose of the body is assumed to lie 
atx = 0. 


as 


3. The general solution 


The general solution of equation (13) can most easily be obtained by taking the 
exponential Fourier transform. Thus we define 


onl. et dx. (17) 


Assuming that ¢, 0¢/éx and 0?¢/0x? all vanish asymptotically with increasing 
distance upstream and downstream from the body, it is found that ® satisfies the 
following differential equation: 


eo 100 


— 


5— 


{l—iwA}1® = 0. (18) 


Expressing ® as a Fourier series in 9, we find that each coefficient of cos 0 or 
sin n0 is the solution of a modified Bessel equation of order n. In fact we can write 
the solution formally as 


®(r,9; w) = Ag(v) Ko{ro(1 A,(o) K,fro(1 — Z} cos (nd +€,), 
=1 
(19) 
where A, (n=0,1,2,...) and €,(n=1, 2,...) are constants which are to be evalu- 
ated from the boundary conditions on the body. Also, 


M?\\3 
(20) 


Modified Bessel functions of the first kind (i.e. J,,) are rejected in the solution for 
® because they are found not to represent the proper type of ‘outgoing’ wave 
system. 

In interpreting equation (19), we must distinguish between the following three 
cases: 

(i) M, < M, < 1: the subsonic case. Here we shall write 


Z= 


(1— Mj)? =f, (1—M?)/(1—M}) = (<1). (21) 

In this case we must write the argument of the Bessel functions as 
rp, \o|Z, (22) 
where Z = (w+ (w+ (23) 


and invert the transform along the real w-axis. 
(ii) M, < 1 < M,: the transonic case. In place of (21), we must now write 


(1—Mj)? = (Me—1)/(1— Mj) = (24) 
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Note that 0 < #? < «. The proper behaviour of the solution is then assured if 
inversion takes place on a contour indented to pass above the singularity at 
w = 0, and beginning and ending at w = oe” and +00 respectively. The argu- 
ment of the Bessel functions is now written as 


rp, (25) 
where = fot (26) 


(iii) 17, > M, > 1: the supersonic case. When these Mach number conditions 
are satisfied, we write 


(M?—1)} = B, (M?2-1)|(M}-1) = B?(>1). (27) 

The argument of the Bessel functions is now written as 
(28) 
where = {wt (29) 


Proper behaviour of the solution is guaranteed if we use the inversion contour 
described in case (ii). 

In dealing with slender bodies we can now approximate equation (19) near the 
body by retaining only the first terms in the series expansions of the Bessel 
functions. Then it is found that 


(7,0; w) ~ — + log [4(r|1 — 
(n—1)! A, 2"(r|1— cos (nO +e,), (30) 
“n=1 


where C = 0-5772... is Euler’s constant. The terms written formally as wZ in 
equation (30) must be interpreted in the forms given above in each of the cases (i), 
(ii) and (iii). Following Ward (1949), we can now define the complex variable ¢ in 
cross-flow planes, i.e. € = re’, whence equation (30) is equivalent to 


The quantities a), b) anda, (n= 1, 2,3, ...) are defined as follows (using the symbol 
> to mean ‘has the Fourier transform’): 


a(x) > —A,(w), bo(x) > — Ag(w) {C + log (32 
> 3(n—1)!A, (0) 2"(|1 — 0Z)-" exp (ie,). (82) 


The quantity Q—b, is the same harmonic function in both this case and in 
Ward’s, implying in the present case that the ‘incompressible cross-flow’ approxi- 
mation is still valid. In other words, the a,,(~) quantities (n > 1) can still be found 
by solving a two-dimensional, incompressible, potential-flow problem with 
suitable boundary conditions imposed on the surface of a cylinder whose cross- 
section is that of the body at any chosen station x. To the present order of 
approximation, these a,,(~) terms are therefore unaffected by relaxation effects. 

Since Ward’s momentum integral results for over-all forces on the body apply 
equally well here, it is concluded that both the over-all and local cross-flow 
forces are unaffected by relaxation in the linearized approximation. 
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If we omit the base drag term where blunt-based bodies are concerned, the 
‘inert gas’ expression for drag D (which is equally applicable here) is 


D La, by 
In this equation we have written a, for the x-derivative of a). L is the body length 
along the x-axis, and the (pointed) nose of the body lies at x = 0. In the final 
integral, 0¢/¢v represents the disturbance-potential derivative taken along the 
outwards normal to the body cross-section contour, and the integral is taken 
around the perimeter of this cross-section. 
As before, we have ay(x) = (34) 


where S(x) is the body’s cross-sectional area. The prime on S denotes differentia- 
tion with respect to x. Clearly S’(0) = 0 for any streamlined body which begins at 
x = 0, since the body radius is zero there by definition. The additional restriction 
to pointed nosed bodies, mentioned above, is necessary for the linearizations of 
the basic equations to be valid. Only in this case will the disturbance velocities 
remain small compared with U over most of the region adjacent to the body. 
The presence of upstream influence effects in the sub- and transonic régimes 
implies that we should confine our attention to bodies which are also pointed at 
the tail (2 = LZ) in these cases, at least in the absence of a priori knowledge about 
viscous wake patterns. With this additional restriction, equation (33) reduces to 


L 
(35) 


Equation (33) will only be used in full in the supersonic régime, where the absence 
of upstream influence permits us to deal with blunt-based bodies. 


4. The values of 5)(x) 

The solution of the relaxation problem is completed once b, is found as a 
function of 2. In other words we must invert the Fourier transforms given in 
equation (32), taking care to treat each of the cases (i), (ii) and (iii) separately. 
The actual evaluations are carried out in Appendix A and yield the following 


results: 
Case (t) 


U 
d 


The first two integral terms here are precisely the same as those which occur in 
the inert gas, subsonic-flow, case (Sears & Adams 1953). The third integral, 
together with the logarithm term, represents the effects of relaxation. Since an 
integral of this type is found to arise in other cases, it is worthwhile giving it a 
special symbol. Thus we write 


an A] -exp[- (37) 
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When the integral contains / or B in place of f we will denote this fact by an 
appropriate suffix, as in equation (37). In general we shall write it as J,, where 
a may be f, f or B. 

A useful alternative form of J, is found by noting the definition of the ex- 
ponential integral Ki(—«): that is, 


Ei(—a) = ero-tde. (38) 


Integrating equation (37) by parts with the upper limit equal to x —e, and then 
taking the limit as ¢ > 0, we obtain 


We shall also find some approximate forms of J, useful in later sections. Thus, 
when both x/A and /?2/A - 0, we find that 


~ —3(1—f?) A S(@). (40) 
When both x/A and /?.x/A -> o, it can be shown that} 
I, ~ S'(x) log B + 1) 8"(z). (41) 


Equation (40) is a suitable approximation for near-frozen flow (as A + «), and 
equation (41) is useful in near-equilibrium flow (as A > 0), provided f? does not 
become so small that £?/A is no longer large. Thus equation (41) cannot be used 
too near to the beginning of the transonic régime. In the event that v/A > 1 whilst 
fPx/A < 1, it can be shown that I, behaves as follows: 


S"(y) log (x —y) dy + S(x) + 48’ (x) log A—4C8' (x) — (2). 
(42) 


This result demonstrates how the solutions begin to break down as one approaches 
the ‘transonic’ condition M, > 1 (identical with # — 0) in the limiting case of 
A + 0. In other words, if A = 0 and complete equilibrium prevails, the potential 
contains a logarithmic singularity in the limit JJ, = 1. However, when A + 0, the 
linear solution continues smoothly up to the condition M, = 1. We shall shortly 
show that it also passes smoothly and continuously through this condition and 
into the transonic régime. 


Case (ti) 


b 
= S'(e)log “S"(y)log (ey) dy 


3), [-@-p ry. 
(43) 


+ Note that equation (41) always fails in some region sufficiently close to the nose of the 
body (where x/L < 1) for any finite value of A however small. In such regions equation (40) 
is applicable. 
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This result should be compared with the subsonic value of by given in equa- 
tion (36). With use of the notation defined in equations (37) et seq., equation (43) 
can be rearranged somewhat to read 

0 
“Jo 
1 


“S'(y) log — y| exp[—#?|a—y| A] dy+ Jp. (44) 


In this form it can fairly readily be seen that equations (36) and (44) become 
identical in the limits # and # = 0. Thus b, passes smoothly into the transonic 
régime, provided that 0 < A < o. It should be noted that equation (44) only 
follows from equation (43) if S’(Z) = 0. We assume S’(L) = 0 throughout 
cases (i) and (ii). 

When the conditions x/A and f?z/A <1 are both satisfied (note that this 
requires M, not too near to 1), a suitable approximate form of 6, is 


b 
S"(y) log (~—y) dy 


S"(y) log (y—x) dx — S(2x). (45) 


When the upper limit of the transonic range is approached, so that # > oo, we 
may find a suitable approximate representation of b, under the conditions 
a/A <1, > 1, namely 


~ S'(x) log (3B,) (w—y) dy 


1A 1 
+48’ (x) [C —log A]- DA 
Provided that we are not now too near to the lower end of the transonic range 
(M, > 1), we may be able to satisfy the conditions 2/A and #?x/A both > 1. In that 


case, a suitable approximation for by is 


S(x). (46) 


an ~ 8'(2)log sry )log (w—y)dy—4A(1+ (47) 


Finally, we write down the ‘near-equilibrium’ result at the lower end of the 
transonic range, i.e. z/A > 1, f?2/A < 1. This is 


an ~ S’(x) log S”(y) log (w—y) S"(y) log (y — x) dex 


—18'(z) [clog a] s(x) (48) 
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Further comment on the behaviour of b, in the transonic range will be post- 
poned until we come to consider questions of drag in a later section. 


Case (tit) 
In the supersonic régime it is found that 


= S'(v)log dy + (49) 


(see equations (37) et seq. for the definition of I,). Since J; is identical with J, 
except that B is now written for £, it follows that we can write 


Ip (50) 
when 2/A and B?x/A both > 0, and 
I, S'(x) log B—4A(1— B-*) S"(x), (51) 


when both x/A and B*2/A 00. 

The approximation in equation (50) is not suitable if B? becomes too large 
(i.e. if we are too near to M, = 1). In the event that x/A < 1 whilst B?x/A > 1, we 
find that 


~ S'(x) log (4B,) | S"(y) log (w—y) dy + [C —log A] 


+ 57 8(2). (52) 

Comparing this result with equation (46), it can be seen that they become 
identical in the limit # > co, B > 00. It can be shown that the values of b, in the 
transonic and supersonic cases coincide for all A when M; = 1, so that a smooth 
transition from transonic to supersonic states occurs. (See also equations (47) and 
(49) with (51) when £2 + co and B? + oo.) 


5. Drag 


Having obtained values for bo, it is now possible to evaluate the drag of bodies 
in a relaxing gas flow, making use of Ward’s formula (written out in full, except 
for base drag, in equation (33)). It has been remarked earlier that the sub- and 
transonic problems must be restricted to bodies pointed at both ends. This 
condition can be relaxed in the fully supersonic régime. We shall deal with the 
two classes of body shape separately. 


(a) Doubly-pointed bodies 
Here we can use the simpler formula (35). Writing 


D = (53) 


+ The referee has pointed out that equation (51) is not suitable for all classes of body 
shape; in particular, not for a body whose meridian profile resembles a semi-infinite ‘wavy 
wall’. We therefore require that the bodies must be ‘sufficiently smooth’, but make no 
attempt here to investigate the implications of this statement. 
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where S, is some suitable reference area and ©, is the drag coefficient, we proceed 
to find values of @, in each of the cases (i), (ii) and (iii) treated above. 


Case (1) 

Using equation (34) for ay, it can readily be shown that the first two integrals in 
(36) combine to give a zero contribution to @, in all circumstances, as indeed 
does the first term in (36). Turning to the last integral in (36), namely J,, we can 
obtain a compact general result by way of the form of J, given in (39). The first 
term in (39) contributes nothing to the final value of @,p and we are left with 


= S"(x) | sry) [Bi (45") ~Ei (54) 


or, alternatively, 
So, (x) wy) - dydx. (54a) 


It is interesting to compare this result with the wave-drag result for the super- 
sonic flow past doubly-pointed bodies (with no relaxation effects) obtained by 
Ward and others. (We shall obtain this result in examining case (iii) below—see 
equation (64).) Here the kernel of the drag integral is made up of the exponential 
integral terms in place of the simple logarithm. Equation (54) contrasts with the 
non-relaxing subsonic flow problem, which would yield zero drag since it includes 
no dissipative mechanism to give rise to a drag. Clearly the @, predicted by 
equations (54) is always positive; for example, in the ‘near-frozen’ case we may 
use the approximation (40) to show that 


So S"(x) dx, (55) 

whilst in ‘near-equilibrium’ flow (/ not too near zero) equation (41) shows that} 
Sy Ep ~ S"2(a) da. (56) 


The fact that £ is < 1 in subsonic flow then guarantees that Gp is positive. 

Since @, — 0 in either limiting case A > 0 or A + ©, and is positive between 
these limits, it follows that there must be a maximum value of @, somewhere 
between A = 0 and oo. The value of A which will make the ‘relaxation’ drag a 
maximum will depend on both the body shape and the value of /?. It does not 
seem possible to find this value analytically, either in general terms or for a 
particular body shape, but one would suspect that it should be such as to make 
L/A roughly of order one. 


+ In using equation (41) to evaluate drag in the ‘near-equilibrium’ case, it is implied 
that the errors introduced into Sy) @ p by ignoring the failure of equation (41) near x = 0 are 
negligible. This is a fairly restrictive condition, as can be appreciated from an examination 
of the exact value of I, in the case of a parabolic arc body, treated in this section below. 
Equation (56) and corresponding expressions derived in cases (ii) and (iii) are sufficient for 
a discussion of generalities but must be used with care when deriving approximate 
numerical results. 

{ But see the numerical example later in this section. 
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In the event that 6? > 0 whilst A is small, the approximation (55) becomes 
valid, giving 


So€p - = S"(y) log (w—y) dy dx | 
0 

(57) 


The appearance of the double integral term in this expression is interesting, since 
it is precisely one-half of the supersonic wave drag for this class of body shape. 
In the equilibrium flow limit at 7, = 1 (4? = 0), the present theory therefore puts 
the ‘transonic’ drag at just this value. Practically of course, the result is incorrect 
since the original partial differential equation (equation (13)) fails to describe the 
flow field properly for .V, = 1 and A = 0. When J is not zero, we may expect that 
equation (57) has some validity, however, because in this condition there is a 
mechanism present for preventing the ‘piling-up’ of acoustic disturbances which 
leads to the breakdown of linear solutions when M, = 1 and A = 0. A similar 
situation is encountered in the case M, = 1, A = 0. 


Case (it) 


In the transonic case it is best to use the result (43) to find the drag. After some 
rearrangement, it can be shown that 


8,€p = S S"(y) log («— y) dy dx + — S"(a S”(y) 


0 


x Ei Nay dydx + [ S"(x i! — Ki G 
0 

(58) 
Comparing this with the result for the subsonic case (equation (54)), it can be seen 
that a term exactly equivalent to S,@, (subsonic) occurs, the only difference 
being the appearance of # for ?. Now, however, the drag is reinforced by the 
presence of a full supersonic wave-drag contribution (first integral in equa- 
tion (58)), combined with a further relaxation term. To distinguish between the 
various contributions to @)p in the present case, we shall refer to the first two 
integral terms in (58) as the ‘transonic wave drag’, and to the last integral as the 
‘relaxation drag’. This division is simply for convenience later: note that the 

‘transonic wave drag’ in fact includes relaxation terms. We recall that 0 < £? < 
When A - co and we are not too near to # = ©, it is found that the transonic 

wave drag contributes a term 


to S,G@p, whilst the relaxation drag part behaves like 
S (x) dx. (59D) 


The net effect is to give rise to a positive value of Gp, of course, but it is interesting 
to note that the relaxation-drag contribution falls to zero and then becomes 
negative as # passes through the value unity. That expression (59b) is part of a 
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general result valid for all values of A can readily be seen from equation (58). The 
change-over point occurs when 


U (60) 


roughly speaking, if a,,, and a,,, do not differ greatly. Meanwhile, the transonic 
wave drag continues to increase as / increases, as indeed does the net drag. 

Still retaining the assumption A — 00, but now imagining that #? has become so 
large that £2L/A + oo, we find that the two parts of S)@p behave like 


Wee x A 
S"(y) log (x—y) dx (61a) 


7, 0 
and 


+ (x) S"(a) (y) log (w—y)dydx+ sil, da, 
(616) 


respectively. The transonic wave drag in (61 @) continues to increase as / increases 
to its final value in the present conditions and, in line with the comments made 
above about the relaxation drag, this part (61) is found to be negative. The 
double integral term in (61 a) is the full supersonic wave drag for a doubly pointed 
body in a non-relaxing gas flow (essentially a positive contribution to S)@p). 
It seems clear from the results (59a) and (61a) that the transonic wave drag 
increases steadily from zero at the subsonic (/, = 1) end of the transonic range 
up to the full supersonic value at its upper end (M, = 1), a result which we will 
confirm below in the other extreme of A > 0. 

We observe also (at least when A -> 00) that the net value of S)@p, on passing 
out of the transonic régime (f =00) is a little greater than one half of the full 
supersonic wave drag without relaxation effects. However, the linear solution 
breaks down at J, = 1 when A > «, on account of the logarithmic singularity 
arising in by (see equation (46)). 

When A > 0, suitable approximate forms of the transonic wave and relaxation 
drags are, in the former case, exactly equation (61a) and, in the latter case, 

A 1 d. 62 

(62) 
provided f is not too near to zero. In the event that #?L/A -> 0 despite L/A being 
> 1, we find that the two parts of G, are given by equation (59@) for the transonic 
wave drag, and 


0 (x 0 y) 0 27 0 


for the relaxation drag. Note that the sum of expressions (59a) and (63) gives 
a value of S,@p exactly equal to that in equation (57) when both /? and /? are 
zero. When f? = /? + 0, however, the net transonic drag is greater than the 
subsonic value, as we should expect. That a similar state of affairs arises when A is 
large follows from comparison of equation (55) with the sum of expressions (59a) 
and (595). 
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An explanation of the negative contribution to the over-all drag which is 
provided by the relaxation term for £? > 1 will be deferred until the section on 
pressure distributions which is to follow, but we remark here that it appears to be 
a characteristic of the pointed-tail body shape required in the sub- and transonic 
régimes by the present theory. 


Case (itt) 
For the fully supersonic régime, the relevant value of b, is found from equa- 
tion (49), and it follows that 


| “s"(y)log (e—y) dy dx 


In this equation, B? > 1 in the ‘relaxation’ drag integral. The contribution 
made by this integral to the net @, value is negative, as we shall confirm below. 
The first integral in equation (64) is the full supersonic wave drag for a non- 
relaxing gas flow. 

When A-> co and we are not too near to M, = 1, the relaxation drag is 


approximately (B2—1) 
S'?(x) da, (65) 
whilst, when A — 0, it contributes a term 
—2 


for all values of B?. 
IfA — 0, yet B? becomes so large that still B?L/A > 1, we find that the relaxa- 
tion drag behaves like 


(67) 
When B? = oo, equation (67) plus the full supersonic wave drag gives a result for 
S)€p which agrees with the sum of expressions (61a) and (61b) for £2 = oo. The 
same agreement occurs in the near-equilibrium state, for putting £? = 00 in the 
sum of equations (61a) and (62) gives exactly the result found by adding 
equation (66) with 6? = oo to the full supersonic wave drag. 
In the supersonic régime, the effect of relaxation is such as to give @, values 
which are always less than the non-relaxing wave drag on doubly-pointed bodies. 
To conclude this section on doubly-pointed bodies, we consider a specitic 
example, namely the body whose meridian profile is a parabolic are. We only 
examine the sub- and supersonic régimes since, for most practical cases, the 
transonic régime is very narrow and the solutions that we have obtained in this 
region are of rather more academic than practical interest. We shall write 
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where «2 may be either /? or B?, as the case may be. @p, will be referred to as the 
relaxation drag coefficient. The method of evaluation of the integral in (68) is 
outlined in Appendix B. Equation (B12) gives the equation for the meridian 
profile and equation (B 13) gives the value of @,, for this body shape, assuming 
that the reference area S, is equal to the maximum body cross-sectional area. 
Note that in deriving equation (B 13) the body length LZ has been set equal to one 
(no loss of generality is incurred by this), so that A is the same as TU measured in 
units of body length. 


0-007 
we 
/ 
0.005 
Supersonic flow __| 
= Eq. (56) Kall lines from 
3 Eq. (B 13); 
aw } / y dotted lines are 
L approximate results 
0-002 from equations 
/ shown | 
{ Eg. (55) 
0001 y — Eq. (65) 
Oo22 5 107 2 5 10° 2 5 10! 


A (units of body length) 


FicureE 1. Relaxation drag for a parabolic are body. (a,,,/d,,,)?= 1-1. 


Figure 1 shows 2(326)-?|@p,| plotted against A for two values of «?, namely 
0-574 and 1-327. These values correspond to values for VW, of 0-9 and 1-2 respec- 
tively, with the square of the sound-speeds ratio equal to 1-1. This latter value is 
roughly that which occurs in CO, at temperatures somewhat greater than 288 °K. 
For this linear triatomic molecule, the relaxing internal mode is that involving 
transverse vibrations and at N.T.P. the relaxation time is about 10 ~sec. We note 
that the maxima for |@,,| occur for values of A between 0-1 and 0-3 body lengths, so 
that with values of U of about 3 x 10‘cm/sec, we find that the body lengths to 
give this maximum are roughly of order (0-3/p,,) em, where p, is the free-stream 
pressure measured in atmospheres. In this particular case then, even pressures as 
high as 10-1 atm. can lead to maxima in |@>,| for body sizes comparable to those 
found in a number of experimental facilities. It is not possible to state in general 
terms just how significant @,, is in relation to skin friction and form drag, since 
these are viscous effects and hence outside the scope of the present theory. 
However, under conditions like those just described for the occurrence of 
|€pr| max» the Reynolds number based on body length should be of order 10°. Thus 
the laminar-friction drag coefficient based on body surface area will be of order 
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10-8, which, for a slender body, is roughly a @, of 10-°d-1 when the reference 
area is 7° (as in the definition of @p,). Allowing for the crudeness of the estimated 
friction drag coefficient, it is seen that |@p,| max may be comparable with it in some 
circumstances. For a well streamlined body, on which friction drag predominates, 
it seems safe to conjecture that relaxation drag may cause significant increases in 
over-all drag in subsonic flow. Clearly each special case must be examined in 
detail, but the foregoing estimates do tend to suggest that such examination is 
worthwhile. 

In supersonic flow, of course, the drag picture is dominated by the appearance 
of wave drag. For the case of the parabolic-are body, the wave-drag coefficient 
€pw is found to be given by 2(328)-2p,, = as, 


and clearly this is much larger than the values of |@,,| shown in figure 1. We note 
that |@p,| may still be comparable with friction drag coefficients. 

In conclusion we note that the amplitude of the effects of relaxation will 
increase as «increases. Broadly speaking, this implies that the largest effects will 
arise in the transonic régime, but, for obvious reasons, the present linearized 
theory cannot be used to obtain numerical results of convincing accuracy in that 
Mach number range. «* is increased at any M; value by increasing the speeds of 
sound ratio a,/a,. A maximum value of (a,/a,)? (namely 25/21) occurs for rota- 
tional relaxation in a diatomic gas, but we note that much larger values can arise 
when chemical reactions are involved (e.g. see Clarke 1958). 


(b) Blunt based bodies 


Confining ourselves to the supersonic régime in order to be able to deal with 
this particular class of body shapes, equations (33), (34) and (49) combine to 
show that 


8” S"(y) log (x— —y)dy de +>! S"(y) log (L —y) dy 


(69) 
where @) is defined as in (53) above. The final integral here can only be evaluated 
once the particular body shape and attitude is given. For example, it is this 
integral which determines the effects of body incidence on @). Since the cross- 
flow problem is unaffected by relaxation to the present order of approximation, 
we will have no need to consider questions of body attitude, for the results will be 
identical with those already obtained by Ward. Thus we can confine our attention 
to the ‘zero-incidence’ behaviour of the integral in question, incidence being 
measured from the body position giving zero cross-wind force. 

In particular, we examine the body of revolution, for which the normal 
derivative 0¢/¢v becomes simply 0¢/0r, and the boundary condition gives 


= UR'(2), (70) 
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onthe contour C. We write R(«) for body radius, the prime denoting differentiation 
with respect to x, as usual. In these circumstances, the disturbance potential is 


A(x, r) = tog (71) 

as there is no dependence on the angle @, and it then follows that 


When we take the value of b, from equation (49) and use the form of J, given in 
equation (39), the sum of wave plus relaxation drag for a blunt-based body of 
revolution at zero incidence is found to be 


S?(L) 


27 


L 
0 0 


L 
0 


27 A 


Notice the appearance of the factor B, in the first term of (73). Because this term 
arises naturally in the expression for @ we shall! take the equilibrium state as the 
basis for comparison in what follows. The first three terms in (73) will be referred 
to as the drag occurring in a non-relaxing gas; the last two integrals therefore 
summarize the relaxation effects. 

In the near equilibrium state, these relaxation terms behave like 


B-2) ( 
277 0 
to a first order in A. When A > « (and Bis not too large), they are approximately 
S'2(L) B-1 
log B- S’2(x) dx. (75) 


This last result confirms that, in the limit A > 0, the value of S,@, becomes the 
one appropriate to a gas flow at the frozen Mach number J/,, since the logarithm 
here combines with that in the non-relaxing gas flow to give a term 


— (27) log {4B, R(L)}. 


This result also indicates that S,@, is always somewhat less than the ‘frozen 
Mach number’ value. 

It is not so easy to deduce what is happening to S,@p in the near-equilibrium 
state, since its behaviour will depend on the relative magnitude of the terms 
S’'(L) S”"(L) and the integral in (74). We may expect that the behaviour depends 
on body shape, and it seems reasonable to use the parabolic are body of the 
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previous numerical example to indicate roughly what this may be. If this body 
shape is assumed to terminate at x = 3Z we find that the term in the brackets {} 
in (74) has the value + (3276)? L(81/640); when the body ends at x = 10, it has 
the value + (3276?)? (1/10) and when the body ends at 1Z, it has the value 
— (3276)? L(3/32). In the last case, where S’(x) is definitely positive at the base, 
the drag is greater than the non-relaxing gas value; but, somewhere between this 
condition and the one which gives S’(x) = 0 at the base, the relaxation drag 
inerement passes through zero and becomes negative. 

To summarize then, we always expect to find drag less than the frozen Mach 
number value. Depending on the body shape and the values of A and L?, we may 
even find drag somewhat less than the equilibrium-flow value. As A increases in 
such a case, it seems reasonable to suppose that the net drag will eventually begin 
to increase, become equal to the equilibrium value once more (this time at a finite, 
non-zero value of A), and thence lie between the equilibrium and frozen-flow values 
of @, for all higher values of A. It is worth noting the difference between the 
(quite complicated) drag behaviour deduced here and that found by Vincenti 
(1960) for the wavy wall. In the latter case, Gp always lies between the equilibrium 
and frozen Mach number values in the supersonic régime, probably on account 
of the multiplicity of reflected disturbances emanating from upstream regions 
of the flow. 

The simplest example of a blunt-based body is the right-circular cone and we 
proceed to give some numerical results for this shape. With a body length of unity, 


we take R(x) = dx (76) 


for the cone. Whence it follows that 8”(x) = 2762. Some of the results in 
Appendix B can be used to evaluate the integrals occurring in equation (73), and 
it is found that the relaxation drag coefficient @p, is given by 


py, = A2(1— — — 
— A(e“WA — B® + — E,(B2/A). (77) 


(The notation is explained in Appendix B.) The wave-drag contribution to the 


total is given by = 2log (2/B,8)—1, (78) 


where we write @),, for the wave-drag coefficient. All drag coefficients have been 
based on a value S, = 76°. 

Figure 2 shows 0? @)p, plotted against A in units of body length for the value 
B* = 1-223. With the square of the speeds of sound ratio equal to 1-1, this corre- 
sponds to an WV, of ,/2. 

The presence of the factor log (2/B, 6) in @p,, makes the ratio of Gp, to wave drag 
dependent on the thickness ratio of the body. For example, when 6 = tan 5°, 
0" Gp, = 5:24. We see that, as in the case of the parabolic are body at supersonic 
speeds, the contribution made by relaxation effects is very small in comparison 
with the wave drag. 

The cone is a further example of the type of body for which Gp, is always of one 
sign for any value of A (compare the ‘one-quarter’ parabolic-arc body mentioned 
above). 
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To conclude this section on drag, we may summarize the results briefly by 
saying that the effects of relaxation depend quite strongly on actual body shape. 
It seems likely that such effects are comparable with skin-friction drag but do not 
seem to approach the magnitude of wave-drag coefficients. 


0:20 1 1 
Supersonic flow a Asymptotic 
B* = 1-223 | | j7 value = log B? 
| 
V ~ Eq. (75) 
(approximate) 
FS Eq. (77) 
| 
| 
| 
0-15 = 
| 
5 10° 2 5 10° 2 5 10 


A (units of body length) 


Ficure 2. Relaxation drag for a cone. 


6. The pressure coefficient 


The pressure coefficient is defined in equation (16), which also shows the 
approximate relation between @p and the disturbance potential in the present, 
linear, theory. We are rather more interested in the differences which arise as a 
result of relaxation effects, and it is clear from equations (16) and (31) that this only 
involves the difference between the relevant b)(~) functions. In fact, writing (@p), 
and (@p), for the pressure coefficients with and without relaxation effects, 
respectively, with a similar suffix notation for the b, functions, it is found that 


A(@p) = (Cp)e 2U—1(bo,— (79) 


(The prime on Jy indicates differentiation with respect to 2.) To the present 
approximation, equation (79) is true for all shapes and attitudes which come 
within the classification ‘slender body’. (@p), is chosen to be the pressure co- 
efficient under full equilibrium conditions (i.e. the singular case, A = 0). 

We shall not consider the transonic régime here and, this being so, it follows 


that l 
—S"(x) log a}, (80) 


where « can be either / or B, as the case may be. (Equation (80) follows from the 
results for b, given in (36) and (49), together with the definition of J, in (37) and 
(39).) Some of the approximate forms of J, derived in §4 can now be used to 
indicate roughly how A@p behaves in different situations. (One can verify that 
the derivative of the approximate form of J, is the same as the approximate form 
of the derivative.) Thus, when 2/A > 0, equations (40) and (50) show that 


TAC p =~ 4(1—a?) A 8"(x) + 8"(x) log a, (81) 
38-2 


ody 
s {} 
lue 
ise, 
his 
ra 
g 
ich 
ay 
yin 
7 
les 
iti 
nt a 
nhs 
J 
ve 
6) 
id. 
) 
n 
C 
9 @ 
| 


596 J. F. Clarke 


and when 2/A — o, equations (41) and (51) show that 
TAC p =~ (x), (82) 


Since equation (81) will be a valid approximation for sufficiently small x for 
any value of A, other than the singular value A = 0, we infer that @p at the nose 
of the body always equals the frozen flow value. The only exception occurs in the 
singular case A = 0, when of course AG, = 0 everywhere, as can be seen from 
equation (82). In general then, a relaxation zone, starting from the frozen @, 
value begins to form at the nose of the body and this is true whether the flow be 
subsonic or supersonic. Equation (82) indicates that the cone, for which 8” (x) = 0, 
is rather a special case in so far as no relaxation effects will occur in the near 
equilibrium state (A > 0) in regions where z/A > 1. 

It is interesting to note that the present theory indicates no ‘upstream influence’ 
of relaxation effects on @p in subsonic flow. Indeed the integral term J, (and 
hence its derivative with respect to x) vanishes for all x < 0. Since S”(zx) is also 
zero for x < 0, it follows from equation (80) above that @p has its equilibrium 
value upstream of « = 0. That upstream influence on @p does exist in subsonic 
flow follows from the behaviour of the second integral in (36). When x < 0, this 
integral can be written as 


af, S"(y) log (y+ |x|) dy + 0. 


It willshortly be shown that similar conclusions do not follow about the relaxation 
effects on the translational and internal mode temperatures in subsonic flow. It 
would seem reasonable to conclude that the lack of upstream relaxation effect upon 
€ pin subsonic flow is a characteristic of the linear theory, and that it would there- 
fore be safer to say that such effect as might exist for @p is at most of second 
order. In supersonic flow there is no such difficulty since upstream influence 
(quite properly) does not exist at all. 

Returning to the approximate A@p values in equations (81) and (82), we 
observe first the change in sign of the terms involving « in the two Mach number 
régimes. These changes of sign are consistent with the relaxation drag behaviour 
in subsonic and supersonic flow and indicate in fact how this comes about. For 
subsonic flow with L/A + 0 (remembering that a = f < 1), equation (81) shows 
that it is the term in S’(x) which produces the relaxation drag, since that in S”(x) 
has zero net effect on the drag of the doubly pointed bodies required in the sub- 
sonic flow case. In supersonic flow under the condition L/A — 0 the influence of 
this S”(x) term begins to be felt on the blunt based bodies permitted in this 
régime. 

The influence of body shape on the pressure shifts arising from relaxation effects 
is clear from equations (81) and (82). It is also clear that each particular case must 
be treated on its merits. What is not quite so clear is how these effects are brought 
about. The most plausible explanation seems to be just the one advanced by the 
author (Clarke 1960a) to explain the much simpler behaviour in the relaxation 
zone behind a sharp corner in supersonic flow, namely that the outgoing pressure 
waves generated by the body are reflected back towards the surface by the 
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relaxation-generated vorticity distribution. It is not surprising to find that 
the signs and magnitudes of these reflected waves depend on body shape and 
Mach number régime. To conclude this section, we remark that past experience 
has indicated that a linearized theory is capable of yielding quite accurate 
estimates of the superimposed effects of relaxation, even though the basic 
quantities (like (@p), for example) are not so well predicted. Also, it must be 
emphasized that the solutions discussed here, and indeed in the section to follow, 
are only valid on and near the body surfaces. 


7. The temperature variations 

In order to find the variations of the internal mode and translational tempera- 
tures, we first note that the energy equation can be written in terms of the specific 
enthalpy / and pressure as follows: 


The enthalpy h can be written as C,,7,+C,.7T, for present purposes, and, 
consistent with the previous linearizations, p can be replaced by its undisturbed 
stream value p,,. Then this equation can be integrated to give the approximate 


result Cy, AT, + C2 AT, ~ — Pao): (83) 
We have written 


since T,,, = 7;,,. It follows from equations (8) and (83) that 
DAT, 


Putting D/Dt ~ U0/cx, we readily find that 
AT, = dy (86) 


in subsonic flow. In supersonic flow the lower limit can be replaced by zero. 
Using equation (8), and after some rearrangement, we find that 


U2 U2 ez CE p 


Integration of equation (86) by parts and combination of the result with equa- 
tion (87) shows that 


pe o¢ 
T,—-T, = dy, (88) 


This last result shows at once that an upstream influence of the relaxation 
effects exists for the temperatures in subsonic flow, since 0@,/¢éy + 0 for y < 0 in 
that case. 

It is important to observe that the temperatures on and near the body are 
functions of the whole pressure coefficient. In particular this fact is significant 


82) 
for 
ose 
the 
om. 
be 
nd 
_ 
11¢ 
on. 
It 
on. 
e- _ 
ce 
ve 
er 
ir 
or 
)- 
of 
is 
t 
t 
e 
n a 


598 J. F. Clarke 


when we examine the difference between 7; and T,. In the singular case A = 0, the 
difference vanishes, of course, but we may use the other limiting case of A + « to 
illustrate the practical situation. For the near-frozen state we may write T, ~ T;,.,, 
whence 7; — 7, ~ AT, and we find that this difference in the limit is just }U?@,/C,,. 
(according to either equation (87) or equation (88)). Thus the difference between 
T, and T, depends on the body shape and attitude in the same way as @p. Clearly 
this behaviour occurs for all non-zero A, but we expect to find the amplitude of the 
difference decreasing in a general way with decreasing A. It may be of some 
significance however that relatively large differences between 7, and 7, could 
arise locally due to some peculiarity in body shape. The results presented above 
enable calculations of 7, and T, to be made (within the confines of the slender- 
body approximation), and these values could be used to estimate temperatures 
at the edge of the thermal boundary layer. The latter statement is made with 
reservations, since it may happen that the concept of the boundary layer, and the 
‘body-plus-displacement-thickness’ treatment which is implied by it, begin to 
lose validity at pressures (and hence, broadly speaking, Reynolds numbers) low 
enough to make A/L, sufficiently large. (The question of relaxation effects on such 
a flow is an interesting one, but outside our present scope. From the foregoing 
results we might expect that viscous and relaxation effects will be comparable over 
large regions of the flow field.) Clearly any particular case must be examined on 
its merits, but we may quote the case of carbon dioxide, for which appreciable 
relaxation effects are present at pressures high enough for the low-density aspects 
of viscous flow (such as slip phenomena) to be insignificant. In other words, the 
mean-free molecular path will be small compared with the boundary-layer 
thickness in this case. The non-dimensional group which roughly determines the 
state of the internal energy mode in a boundary layer is (63/7'D)}, where 6, is 
boundary-layer thickness and @ is the self-diffusion coefficient for the particular 
(pure) gas in question. Assuming a laminar boundary layer, which seems 
reasonable in the circumstances, we have 6, ~ x}(v/U)*, where v is the kinematic 


viscosity. Thus, 52 \4 whi 
(72) ~ (ee) 


The ratio v/Z is approximately unity for a number of gases, and it follows that if 
the external (inviscid) flow is near-frozen it will also be near-frozen in the 
boundary layer. The appearance of the ratio x/Z above guarantees that it will be 
frozen at the nose of the body, but it is significant to notice that it is (Z/r’U)3 (or 
roughly A~?) which determines boundary-layer behaviour whilst the external 
flow is governed by the value A-1. 

In cases where near-frozen flow occurs in the layer, the effectiveness of the 
actual material of the body’s surface in accommodating the internal mode 
becomes important in the determination of energy flux rates (see, for example, 
Clarke 1960). Thus the interpretation of heat-transfer measurements on bodies 
in polyatomic gas flows must be approached with caution. Similar arguments 
apply with even greater force to the case of chemically reacting gas flows, on 
account of the greater energies involved and the possibility of finding wide ranges 
of catalytic efficiencies amongst practical materials. Remarks such as these might 
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apply to heat-transfer measurements on, let us say, a slender cone in a typical 
shock tube. Results like those presented above may be used to estimate the 
conditions at the edge of the boundary layer in such a case. 


The author would like to acknowledge the helpful advice and criticism received 
from Professor G. N. Ward and Mr G. M. Lilley during the preparation of this 
paper. He is also indebted to the referee for several constructive suggestions. 


Appendix A Inversion integrals for the function bo(x) 
Case (t) 
In the subsonic case, b)(x) is written as 


bo(x) > — {C + log (32, || J}, (Al) 
(see equations (22), (23) and (32)). To accomplish the inversion integration, we 


write 
by(x) > Ag(v) log (36,) ~ 


2 
+ (— Ag) + 
= +1) (Ag) 


The first term in (A 2) is simply a,(x) log ($/,). To invert the remainder we make 
use of the fact that — iwis equivalent to the operation 0/dx and treat the remaining 
parts by means of the Faltung theorem for complex Fourier transforms, which 


states that 1 fe 
Ten) FW) > Flo) Go). (A3) 


F and G are the transforms of f (2) and g(x). Thus we can deal with the log terms in 
curly brackets separately, taking care to use the contour described in § 3, case (i). 
The first curly bracket term in (A 2) inverts to a function g,(x), where 


= — Lim f (C +log u)e (C + log u)e 


After some manipulation it follows that 


In dealing with the second and third curly bracket terms in equation (A 2), 
which we call g,(x) and g,(x) in the physical plane, respectively, the complex 
w-plane can be cut from —oo—if?/A to —if?/A and —co—i/A to —2/A in each 
case, and the real w-axis contour shifted down to positions just above each 
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branch cut, indented above the singularity, and running on to +00 —if?/A and 
+00 —1i/A respectively. Taking g,(x), we find that 


(2m) = | t=, (A5) 
where z is a new variable related to w by 

(A6) 
It follows from (A 5) that g,(~) = 0 for 2 < 0. When x > 0, 


(277) = (Clog e+ (C + log dg 
0 


in the limit as ¢ > 0 (z is put equal to é on the real z-axis and equal to €e*’ on the 
indentation around the branch point). The integrals in (A 7) can be rearranged, 
and it is then possible to show that 


x) = —,/(27) log x + in? 


for (A 8) 


=0 for 


The value for g,(x) follows at once on setting B? in (A 8) equal to 1. 

The function f (y) in equation (A 3) can be identified as a,(y) in the notation 
of the text; whence, using the theorem expressed there together with the results 
derived above, it follows that 


= log 52 aoly) log (e—y) dy 


fret." 


+ 1) | Poly) log (x —y) dy. (A9) 
The imaginary terms in g,(x) and g,(2) are found to cancel out in the expression 
for b)(x), as indeed they must. If the indicated operations are performed on the 
integrals in (A 9) and the value US'(x)/27 substituted for a,(x), the result (36) is 
obtained. We note that a(x) = 0 for x < 0 and x > L; whence the limits in 
equation (36) follow. 


Case (it) 
In the transonic case (see § 3, case (ii)), we write the transform of 6)(x) in the 
same way as in (A 2) with the following differences: |w| is replaced by w, £2 by 
— f?, and Z by Z’. Inversion now takes place just above the real w-axis, indented 
to pass above the point w = 0. These differences have the following effects. 
Using a notation consistent with that of the previous case, we have 
in 


g(x) = for 2> (A 10) 


for x< 0. 
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Because having — £? for #? in the g, term puts the relevant singularity above the 
real w-axis, it follows that 


g(z)=0 for 0, 
= log |a| for < 0. 
The function g;(x) is unchanged (see (A 8) with 6? = 1). Using the theorem (A 3), 
ete., it follows that 


bela) = ay(x) log  agly)log («—y) dy 


(A 11) 


ag(y) log (y — x) dy 


1\ 
Wlog(x—y)dy, (A 12) 


the imaginary parts of the g(x) functions cancelling out as before. With a little 
rearrangement and the substitution of the value for a(x), we easily obtain 
equation (43), provided that we let y approach x in the last two integrals in (43) 
like x +e and x—€ respectively (i.e. we take a principal value). 


Case (tit) 

Once again we use a form of b,(x) like that in (A 2) only here we write B, for /;,, 
B* for f?, iw for |w| and Z” for Z in the first curly bracket expression. 

It follows that the g,(~) and g,(”) terms are identical with those of case (i) when 


B* is written for /?; and, using the contour described in §3, case (iii) for the 


log (tw) term, we find that 
= —/(27)loga for x> (A13 
for z< 0. 


The result (49) now follows in the usual way. We remark here that the Laplace 
transform could easily be used in the fully supersonic case, with its absence of 
upstream influence effects. The Fourier-transform treatment has been retained 
since the problem can then be dealt with in a unified fashion. 


Appendix B Evaluation of the relaxation drag integral 


The relaxation drag integral can be written generally in the form 


= S"(x) sry (y) i(” Bi( de, (B1) 


where «? may be /?, #? or B?, depending on the Mach number régime. The inner 
integral in (B 1) is equal to 2/, — 2S’(x) log « in the notation of (37) et seq. 
In it we write a (B2) 


so this inner integral can be rewritten in the form 


21, —28'(a)loga =A S"(a—Ao) {Ei(— — Ei(—2?o)} do. 
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The cross-sectional area S(x) of a wide variety of body shapes can be expressed 
as a polynomial in a, whence it follows from equation (B3) that we shall have 
to deal with a number of integrals of the type 


0 


In writing (B 4), use has been made of the rather more convenient notation for 

the exponential integral, which puts £,(7) = — Ei(—o), etc. (see Erdelyi, Magnus, 

Oberhettinger & Tricomi 1953). Then, using the results given in this reference, 

it is found that 

(n+1) = — 1) — + 0, — +) (a2x/A)] 

The functions (1+, x/A), etc., in (B5) are one form of the incomplete gamma 


function 
T(l+n, x/A) = et” dt. (B6) 


It follows that J, can now be expressed in terms of a sum involving the appro- 
priate [,,’s with suitable coefficients. The restriction to pointed-nosed bodies 
ensures that the body radius R(x) will behave like x, at worst, in the nose region. 
Hence v in (B 4) will never be less than zero. 

In evaluating the drag integral in (B 1), we now encounter terms like 


x/A)—a-*4 T(a, ax/A)} da, (B7) 
0 


The body length L has been set equal to 1 here. There is no loss of generality in so 
doing, but all lengths are hereafter measured in terms of L as the basic dimension. 
In other words, A in (B7) and (B 8) (and subsequently) stands for the ratio of 
relaxation length to body length. We find that 


(2 +1) = V(a)—y(a, YA) +2" 1, 1A) T(a) 


where y(a, 1/A), etc., stands for the other incomplete gamma function 
1/A 
y(a, 1/A) = dt. (B 10) 
0 
Also (n+1)K, = Artl y(n + 1, + 


y(n +1, 1/A)—E,(1/A). (B11) 


Some results have been computed for the body whose meridian profile is a 
parabolic are meridian, for which 


R(x) = (B12) 
This has S"(x) = — 6a + 62), 
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whence it follows from the general results given above that 


2(32d)-* €p, = ; (1 


+3 (1 — e,(a2/A)} — | 


\ 6 2 9 
— 24 {1 — e,(a?/A)} — — ( , (B18) 
provided that we take S, = 76°. 

The functions e,, e; and e; appearing in (B13) are the truncated exponential 


series n ym 


€,(z) = 


m=o 


(B 14) 


They arise from the fact that, when m is an integer, the incomplete gamma 
function y(1+,z) can be expressed in the form m![1 —e~“e,(z)]. 
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The Oseen resistance of a particle of arbitrary shape 


By HOWARD BRENNER 


Department of Chemical Engineering, New York University, New York 53, N.Y. 
(Received 22 March 1961 and in revised form 16 June 1961) 


Let Dy be the Stokes drag on an arbitrary body moving parallel to a principal 
axis of resistance, with velocity U, through an unbounded fluid. The Oseen drag, 
D, experienced by this same body moving with equal velocity and identical 
orientation through the unbounded fluid is then given by the expression 

D Dy 

where c is any characteristic particle dimension and R = cUp/y is the particle 
Reynolds number. An analogous expression is given for the case where the 
motion is not parallel to a principal axis. Finally, an expression is given for the 
Oseen resistance of an arbitrary particle falling parallel to a principal axis of 
resistance along the axis of a cylindrical tube of finite radius. 


2 
mn ) (1) 


1. Introduction 


The parameter of central importance in the hydrodynamics of low Reynolds 
number flows is the resistance experienced by a particle moving uniformly 
through an infinite fluid. Analytical resistance formulae are available in the 
Stokes régime for a diverse variety of particle shapes (Stimson & Jeffery 1926; 
Oseen 1927; Ghosh 1927; Relton 1931; Pell & Payne 1959; Payne & Pell 1960). 
Where analytical results are lacking, experimental data often exist for this 
régime (cf. Pettyjohn & Christiansen 1948; Heiss & Coull 1952; Becker 1959). The 
corresponding state of affairs in the Oseen régime is not nearly as satisfactory, 
and resistance formulae are available for only a relatively few three-dimensional 
particles (Oseen 1927). 

In this paper we shall demonstrate that the Oseen resistance of an arbitrary 
body can be determined, at once, whenever the corresponding Stokes resistance 
is known for the particle. The method yields results correct only to terms of 
O(R). This is not a real limitation, for Proudman & Pearson (1957) have shown 
that the Oseen equations correctly represent the asymptotic behaviour of the 
complete Navier-Stokes equations only to terms of this order of magnitude 
anyway; thus, higher-order solutions of the Oseen equations, such as that given 
by Goldstein (1929) for the sphere, are devoid of real physical significance. 


2. Motion parallel to a principal axis 


A closely related problem has been considered by Chang (1960) for the axially 
symmetric Stokes flow of a conducting fluid past a body of revolution in the 


Si 


| 
pre 
abs 
in } 
rele 
me 
ma 
cor 
the 
ide 
Pei 
ext 
Mo 
the 
: Fo 
rat 
ass 
on. 
cor 
cor 
TI 
| co 
| Cl 
fle 
th 
ay 
St 
of 
fr 
tk 
eq 
dt 
| gc 
| 
| th 
tk 


mn 


Oseen resistance of a particle 605 


presence of a uniform magnetic field. An equation identical to that cited in the 
abstract results, except that the (dimensionless) Hartmann number, .V, appears 
in place of the Reynolds number, R. Chang (1960) gives a formal proof of this 
relation, as well as similar relations (1961a,b), based on ‘matching’ the funda- 
mental solution of the Stokes equations to the fundamental solution of his 
magnetohydrodynamic differential equation. These fundamental solutions 
correspond physically to the fields resulting from a point force concentrated at 
the origin, and are termed ‘inner’ and ‘outer’ solutions, respectively. The basic 
ideas derive from the work of Lagerstrom & Cole (1955) and Proudman & 
Pearson (1957). 

Now, the structure of Oseen’s equation and its fundamental solution are 
extremely similar to those for the corresponding magnetohydrodynamic problem. + 
Moreover, Proudman & Pearson (1957) have fully discussed the ‘matching’ of 
the Oseen and Stokes equations for the particular case of a spherical particle. 
For these reasons, it is unnecessary to give the formal details of our procedure; 
rather, the combined work of Proudman & Pearson (1957) and Chang (1960) 
assure us of the existence of a general relation of the form of equation (1). The 
only detail requiring further attention is the justification of the numerical 
coefficient of 167 in equation (1). On account of the generality of the result, the 
coefficient can be deduced from any one of the known solutions of the Oseen 
equation, e.g. a sphere. For a sphere of radius a, we have (Oseen 1927) 


Since the Stokes drag for the sphere is related to its radius by the expression 
Dy = 6mpaU we find, upon eliminating a between these two relations, that 

Dy l6muU \ 
This can be put in the form of equation (1) by multiplying and dividing the inertial 
coefficient by any characteristic particle dimension, c. 

There is one important difference with regard to the limits of applicability of 
Chang’s (1960) result and ours. His result is restricted to axially symmetric 
flows because of the requirement that there be sufficient symmetry to preclude 
the existence of an electric field. On the other hand, our result is not limited to 
axisymmetric flows. Rather, it is limited only by the requirement that the 
Stokes force on the particle (and thus the Oseen force) be parallel to its direction 
of motion. Alternatively if the particle is at rest, the force must be parallel to the 
free-stream velocity. This will occur, for example, when the particle possesses 
three mutually perpendicular symmetry planes, providing that the motion is 


+0O(R?). (2) 


+ They do, however, differ in one important respect. The first-order Stokes (inner) 
equation (Proudman & Pearson 1957, equation (3-40)), which eventually gives rise to the 
drag term of O(R), contains an inhomogeneous forcing term. This is lacking in the analo- 
gous first-order inner equation of Chang (1960), equation (66), which is the source of the 
drag term of O(./) in the magnetohydrodynamic problem. However, as pointed out by 
the former authors, this inhomogeneous term does not give rise to a net drag. Hence, 
the analogy persists in spite of the difference. 
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normal to any one of them. Ellipsoids and right-angled prisms are examples of 
such bodies. 

The criterion that the force and velocity be parallel will also be met by arbitrary 
bodies in certain circumstances; that is, by bodies devoid of any symmetry 
whatsoever. For, as pointed out by Landau & Lifshitz (1959), the Stokes vector 
force, Dy, on an arbitrary body past which fluid streams with velocity U can be 
expressed by a linear relation of the form 


D,=@.U. (3) 


Here, ® is a symmetric tensor, directly proportional to the viscosity of the fluid, 
but otherwise dependent only on the geometry of the particle. It follows at once 
from the properties of symmetric tensors that every arbitrary particle possesses 
three mutually perpendicular axes such that, if the motion is parallel to any one 
of them, the force, Do, will be parallel to U. (We shall refer to these as the prin- 
cipal axes of resistance.) In consequence, equation (1) applies even to arbitrary 
bodies providing that the motion is parallel to a principal axis. 

By way of illustration, for a circular disk of radius c, broadside to the stream, 
the Stokes drag is Dy = 16ucU (Lamb 1932). Thus from equation (1) 


D = l6ucU (1+ R/7) + O(R?), 


in accord with Oseen’s (1927) result. In a similar vein, when the disk is edge-on 
to the stream, D, = 22 4cU (Lamb 1932), and we find for the Oseen drag 


D = 22 cU(1+§R/7)+ O(R?), 


again in agreement with Oseen’s calculations. It is worth while noting that the 
latter orientation does not give rise to an axisymmetric motion. Equation (1) 
shows similar agreement with Oseen’s calculations for the general ellipsoidal 
particle, providing that the motion is perpendicular to a symmetry plane. 

The Oseen drag on a spherical particle appears to conform with experiment only 
up to & x 1 (Becker 1959). This can hardly be regarded as a major practical 
improvement over Stokes’s original result. However, Carrier (1953) has shown 
empirically that predictions made on the basis of Oseen’s equation come into 
excellent agreement with experimental data for spheres, cylinders and flat plates, 
upto 20, ifthe velocity Uin Oseen’s equation is multiplied by 0-43. The general 
applicability of Carrier’s hypothesis would greatly enhance the value of the 
present work. And it therefore seems a worthwhile task to review critically the 
great mass of low Reynolds number settling velocity data with this thought in 
mind. 


3. Motion oblique to a principal axis 

Equation (1) is inapplicable when the orientation of the body is such that the 
stream velocity is not parallel to a principal axis. For now, the particle will also 
experience lateral forces, that is, normal to the direction of flow. However, the 
analogue of equation (1) can be developed for this case by availing ourselves of 
the detailed solution of the Oseen equations (Oseen 1927), for the motion of a 
general ellipsoid whose symmetry planes are arbitrarily inclined with respect to 
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its direction of motion. This is done by eliminating the dimensions of the 
three semi-axes of the ellipsoid through their connexion with the Stokes drag. 


If 
= (xtc) (4) 
denotes the (dimensionless) Stokes resistance tensor, appropriate to an arbitrary 


particle, the final expression for the Oseen force on the particle takes the form 
(in dyadic notation) 

D = wcU[1 + (R/327) 8 —1(U/U).% .(U/U)}].% .(U/U) + O( (5) 
where I is the idemfactor, R = cUp/ is the particle Reynolds number and c is 
any characteristic length. Formal justification of this result can be provided 
along lines similar to those developed by Chang (1960) for the corresponding 
magnetohydrodynamic problem. The fundamental solutions are, naturally, 
more involved. The ‘inner’, Stokes solution is already available in Lamb’s 
(1932) treatise. 

Equation (5) can be expressed in terms of the three scalar components of the 
Oseen force. Let (2’, y’,z’) be a system of Cartesian co-ordinates measured along 
the principal axes of resistance of the particle. If (i’,j’,k’) are unit vectors in 
these directions, then l=ii'4jj/+k’'k’ 
and (6) 
where the essentially positive scalars (,.M),N)), are the principal Stokes 
resistances, expressed in dimensionless form. 

Now, let (x, y,z) be a second system of Cartesian co-ordinates having the same 
origin as the former, associated with the direction of the streaming flow, and let 
(i,j,k) be the corresponding unit vectors. Without loss in generality, suppose 
that the fluid streams in the positive z-direction with velocity U; that is 
U = kU, where U is essentially positive. If 


D = iD,+jD,+kD, (7) 
is the Oseen force exerted by the fluid on the particle, and if 
= i.j’ = cos(i,j’), =j.i’ = cos(j,i’), ete. 


denote the direction cosines, then a relatively simple calculation gives, for the 
components of force in the (x, y,z) system, 


D,, = (ay, ayy M+ ay, N) + O(R?), 
D,, = (ay, L+ M+ N) +0 (8) 
D, = (ag, M+ ag, N) + O(R?), | 
where L = dg, + (32/327) (Ly Qo)], | 
M = + (32/327) (I —Q,)], ; (9) 
in which Qo = 4(a3, Lp + + 433). (10) 
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It is worth while noting that the force experienced by the particle can also be 
expressed in (x’, y’,z’)-co-ordinates in the form 


D = (i'L+j'M +k’). (11) 


As a specific illustration, consider streaming flow past a circular disk of radius 
c, as in figure 1. The normal to the plane of the disk corresponds to the 2’-axis, 
and the angle between this and the direction of motion of the stream is denoted 
by @, where it is assumed that 0 < 0 < 47. The y-axis is chosen so as to lie in the 
plane of the disk and to coincide with the y'-axis. By these means, the 2’- and 
z’-axes may be regarded as deriving from the x- and z-axes, respectively, by a 
rotation about the y, y’-axis through the angle 0. The x- and z-axes then lie in 
the same plane as the corresponding primed axes. To be unambiguous, we also 
specify that the angle between the 2’- and z-axes lie between 0 and 47. In figure 1, 
the y,y’-axis is directed out of the plane of the paper, at the reader, thereby 
leading to right-handed co-ordinate systems. 


Direction 
of motion 


of fluid 


Ficure 1. Streaming flow past a circular disk. 


The direction cosines appropriate to the rotation are given by 
All others are zero. The principal Stokes resistances can be obtained from the 
results cited earlier for disks oriented broadside and edgewise to the stream. They 
are Ly = M, = 32, N) = 16. These lead to the following expressions for the 
components of the Oseen force on the disk: 
D,, = sin 0 cos O[1 + (R/m) (2+ § sin? 6)]+O(R?), D, = 0, 
D, = — + (R/7) (1—4sin? 6 — O(R?). 

The algebraic signs indicate that the forces act in the —x and +z directions 
respectively. 


4. Settling of an arbitrary particle along the axis of a circular cylinder 


A recent paper by Chang (1961) gives the solution of the problem of the axially 
symmetric Stokes fall of an arbitrary body of revolution along the axis of a 
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circular cylindrical tube filled with conducting fluid, in the presence of a magnetic 
field. Chang’s results simultaneously take accoiint of the first-order corrections 
to Stokes law necessitated by the presence of the tube walls and of the magnetic 
field. The increased resistance can be neatly calculated solely from a knowledge 
of the ordinary Stokes drag, D,—that is, in the absence of both the tube walls 
and magnetic field—providing that c// and M aré both small. Here, / is the tube 
radius and J is the Hartmann number, 

The analogous problem, in which the particle Reynolds number, #, replaces 
M, corresponds to the settling of a particle at the axis of a tube in the Oseen 
régime (in the absence of the magnetic field). This problem was solved long ago 
by Faxen (Oseen 1927, p. 198) for the case of a spherical particle at the axis. On 
the basis of our earlier remarks regarding the fundamental similarity of the 
Oseen and inertialess magnetohydrodynamic equations, we can at once generalize 
Faxen’s formula and make it apply to an arbitrary particle falling parallel to a 
principal axis along the longitudinal cylinder axis. This only requires that we 
replace the sphere radius a in Faxen’s formula by (D,/67“U), with the result 
that the Oseen drag is 


where R = cUp/ is the particle Reynolds number. In addition, L() is a function 
of argument 2 = Rl/2c, some values of which are tabulated in Oseen’s book, 
i.e. for small x, L(x) = 2104—32+..., 
and L(0) = 2-104, L(0-5) = 1-76, L(1)=1-48, L(2) = 1-04, L(5) = 0-46. 


Chang’s (19615) result is virtually identical to equation (12) in which the 
Hartmann number, , replaces the particle Reynolds number, 2. The primary 
difference between the two lies in the fact that in Chang’s (19616) formula, the 
denominator of equation (12) appears in the numerator, there being corre- 
sponding changes in the algebraic signs. Faxen’s result is the more accurate of 
the two, at least in the special case where R —> 0, in which event equation (12) 


takes the form Dp ‘ 


a result previously given by Brenner (1961a) for the Stokes régime. 

It appears further that Faxen’s integral, L(x), is different from a corre- 
sponding integral, K(x), appearing in Chang’s treatment. They are, however, 
closely related in form, and both give the limiting values 


L(0) = (3/7) K(0) = 2-104 and L(c) = (3/7) K(00) = 0. 


The last value shows that equation (12) becomes identical to equation (1), 
correctly to terms of O(R), in the case where c// + 0. 
Although equation (12) appears analytically sound, its practical applicability 
in the case of spherical particles has been questioned (Fayon & Happel 1960). 
One last point worth noting concerns the pressure difference, AP > 0, at a 
39 Fluid Mech. 11 
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great distance on either side of the particle settling in the tube. Chang’s (1961b) 
calculations show that APni? = 2D, 


where AP is a vector pointing in the direction of diminishing pressure and having 
the magnitude of the pressure difference. This result confirms Brenner’s (1961b) 
prediction of the existence of such a relation in the Oseen régime, it already 
having been demonstrated to hold in the Stokes régime (Brenner 19610). 
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A vortex in an infinite viscous fluid 


By ROBERT R. LONG 
Department of Mechanics, The Johns Hopkins University 


(Received 23 June 1961) 


A solution is given for a viscous vortex in an infinite liquid. Similarity arguments 
lead to a reduction of the equations of motion to a set of ordinary differential 
equations. These are integrated numerically. A uniform feature is the constant 
circulation K outside the vortex core, which is also a viscous boundary layer. The 
circulation decreases monotonically towards the axis. The axial velocity profiles 
and the radial velocity profiles have several characteristic shapes, depending on 
the value of the non-dimensional momentum transfer M. The solution has a 
singular point on the axis of the vortex. The radius of the core increases linearly 
with distance along the axis from the singularity, and, at a given distance, is 
proportional to the coefficient of viscosity and inversely proportional to K, 

Finally, a discussion is given to indicate that intense vortices above a plate, 
like the confined experimental vortex, or above the ground, like the atmospheric 
tornado and dust whirl, will not resemble the theoretical vortex except, possibly, 
far above the plate. 


1. Introduction 

This paper extends an earlier investigation (Long 1958) of a vortex in an infinite 
viscous liquid. The earlier paper contained the general form of the solution to- 
gether with the set of ordinary non-linear differential equations to which the 
Navier-Stokes equations reduce. These ordinary differential equations can be 
simplified by a boundary-layer approximation. The simplified equations have 
now been integrated numerically for a considerable range of the single governing 
parameter, and the numerical results are presented below. 

This study was motivated by an experiment with a hydrodynamic ‘sink’ at 
the axis of a tall rotating cylinder of water (Long 1956). When the sink was very 
weak the fluid approached in an intense vortex along the axis of rotation (figure 1, 
plate 1). Observations of this vortex suggested the general form of the theory as 
developed in the first paper, in particular the boundary-layer nature of the core 
and the tendency for a ‘vr-vortex’ to arise outside the core. 

Although it was originally thought that the theoretical and experimental 
vortices might be closely related, a recent comparison of the numerical and 
theoretical results showed that there are fundamental differences that arise, 
apparently, from the presence of the boundaries in the experiment. The fluid in 
the core of the vortex of figure 1 (plate 1) originates in the boundary layer on the 
lower plate, and the effect of friction, as this fluid moves over the relatively short 
distance from the lower plate to the sink, is doubtless too slight to produce the 

39-2 


it 
1b) 
an 
ing 
1b) 
> 
I 
ore 
at 
for 
8: 
n- 
1g 
= 

ae 


612 R. R. Long 


kind of velocity profile found in the theory of this paper. The present theory 
should be applicable to a vortex above a plate, as in figure 1, but only at much 
greater distances from the plate than the metre or so that was available in this 
experimental set-up. This is discussed at greater length in §5 below. 


2. Review of theory 


We present here, briefly, the essential parts of the theory of the viscous vortex, 
including some of the work of the earlier paper (Long 1958). We assume the 
existence of a laminar vortex in an infinite viscous liquid centred at the axis 
of a cylindrical co-ordinate system (r, ¢,z). The motion is axisymmetric, and the 
fluid has a constant density p and kinematic coefficient of viscosity v. The 
equation of continuity implies a stream function y(r,z) such that 


10y 1 
dr dz 
where (2) 


The third component of velocity is 


dp 
v= . (3) 

We assume that the circulation vr tends to a constant K at great enough 
distances from the axis. Another fundamental constant of the problem is the 
kinematic momentum transfer 


22 fo 
J = (P+w*) rdrd¢, (4) 


where P = p/p+gz. We may show that the integral in (4) is constant by 
integrating the vertical component of the equations of motion over a plane 
perpendicular to the vortex axis and assuming that the velocities go to zero 
sufficiently fast at great distances from the axis. 

If we suppose now that the conditions of the problem introduce no other 
parameters, then y, v and P are functions of r, z, J, K, v only. A dimensional 
analysis leads to the form of the solution 


K 
v=—Ty), (5) 


where f, I’, s are functions also of the inverse Reynolds number and non-dimen- 


sional momentum transfer 


(7) 


ne 


The assumed solution has a singularity at z = 0, r = 0. A prominent feature of 
the motion 1s that the circulation vr is constant on cones with apexes at the 
singular point. 
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Substituting into the equations of motion in cylindrical co-ordinates, we find 
that the functions f, I’, s must satisfy the equations (Long 1958) 


M+ = + + — yf’ + 4y°s’) — (8) 
— 4y*s = —e(2f"y*), (9) 
I’y—M(1—f) = + (10) 


Obviously a boundary-layer approximation, e? < 1, is in order, and we will con- 
fine attention to such cases. Our equations are then 


[2+ 2y8s’ = 0, (11) 
— = 0, (12) 
(13) 


3. Numerical solution 

Solutions of equations (11)—(13), subject to physical boundary conditions, 
were obtained numerically on an IBM 704 electronic computer. If we impose 
finiteness conditions at the axis y = 0, the solution of (11)—(13) near y = 0 is 


f=ay+ay't+..., (14) 

= by? +byy'+..., (15) 

(16) 
where b,= —}ba, = —}b?, 


and in general all coefficients are functions of a, b,c. On the other hand, the system 
(11)-(13) has an asymptotic solution at large y of the form 


f=fot (17) 
(18) 
= ¢,+¢7/4y? + fs, + (19) 


Here, £, c, and c, are constants, and /f, satisfies the differential equation 


foy—fol(l —fo) — = 0. 


The functions f,,, T’,,, s, all satisfy conditions of the form f,,/f,_, > 0 at large y. 
There is a total of five arbitrary constants in (17)—(19), so that it is reasonable to 
assume that solutions (for arbitrary choice of a, b, c, for example) have the 


behaviour (20) 
(21) 
8 > Cy+¢7/4y?, (22) 


as y > 00. This assumption was the basis of the numerical integration. 

Two conditions must be imposed as y > 00: (1) c, = 0, insuring uniform (zero) 
pressure far from the vortex axis; (2) c, = 1, insuring that the circulation tends 
to K. We see then that one of the constants a, b, c is arbitrary. Alternatively, 
the problem is determined by specifying the constant non-dimensional momen- 
tum transfer, 
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When c, = 1 and c, = 0, we may substitute Ty = 1, s) = 1/4y? into (11)-(13) 
and obtain a single differential equation for f,. This equation may be solved quite 
generally, and it is found that the solution tends to 1 + y, which is also a particular 
solution of the differential equation. With f > 1+y, I > 1, we can write down 
the behaviour at infinity of the velocity components: 


(23) 

r/2 r 

We may now proceed as follows. Define 
a=cly, A=—-—ac}, B=be-}, (24) 
(25) 
z = c's, (26) 
(27) 
zy = (28) 
= /y. (29) 
The differential equations become 

= (30) 
= — 22/223, (31) 
= —%— 23/2, (32) 
24 = 422, + 232, (33) 
25 = (34) 
where the dot denotes differentiation with respect to a. The solutions near x = 0 
Zg = 14+ Ye2%*+..., (36) 
= Ax+A,2°+..., (37) 
2, = (38) 
= 2B+ 482" +..., (39) 


where By, Bg, .... Yo; ¥4,---» Ag, A5,--. involve only A and B. A five-point finite 
difference formula (Fox 1957) was substituted for the derivatives in (30)-(34), 
arbitrary values of A and B were assigned, and (30)-(34) were integrated step- 
by-step for intervals of Az = 0-01. (The first four values of z; and 2; were ob- 
tained from the Taylor series (35)—(39).) At each step, a computation was made 
of 


This quantity tends to a constant at large x. When |«,,,—2,| fell below 10-6, 
the forward integration was stopped and the last «, (= 6) was recorded. Holding 
B fixed, A was varied, a new integration was performed and a new 6 obtained. 
A linear extrapolation was then made using the two A’s and the two associated 
values of 5 to form an estimate of A corresponding to d = 0. The procedure was 
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continued until an A was obtained with an associated 6 of absolute value below 
10-8. Over the entire range of the integration it was only necessary to integrate 
forward to values of x of 4 or 5. 

The final pair (A, B) obtained in this manner corresponds to a solution of the 
problem if, according to (25), we take the resulting asymptotic value of z, to be 
c-t, since then we have I’ > 1 and s > 0. When, at any stage, a final pair (A, B) 
was obtained with the desired |d| < 10-8, the search for the next pair, correspond- 
ing to a new value of B, was begun by using the two new trial pairs (A, B F 0-02), 
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Figure 2. Plots of curves 4 = A(B) and M = M(B). 


(A + 0-02, B F 0-02) depending on whether the march along the curve A = A(B) 
in the A—B plane was toward lower B or higher B. This procedure was suggested 
by a few hand integrations which indicated that the curve A = A(B) has a 
slope of the order of —1. (Actually the curve has a slope of approximately —2B 
throughout the range.) The interval in B was increased to 0-04 and 0-05 for large 
B. Finally, it should be mentioned that the search for the curve A = A(B) was 
begun by using two initial pairs for (A, B): (0-497, 0-660) and (0-510, 0-660). 
The hand integrations showed that the curve A = A(B) lies in the vicinity of 
these two points. 


4. Results of numerical integration 


A large number of numerical solutions were obtained at intervals of 0-02 
or 0-04 or 0-05 in B over the rangey 0-18 < B < 10-02. Figure 2 is a plot of the 
two curves A = A(B)and M = M(B), and table 1 is a list of the triples of numbers 
(A, B, c-t). As mentioned above, A decreases regularly as B increases. A sur- 
prising result is that the non-dimensional momentum transfer does not uniquely 
determine the flow; above a minimum JM there are two solutions for each V. 

+ If the pair (A, B) yields a solution, (A, —B) is a solution with the same velocity and 
pressure fields except for a reverse circulating motion. This is easily seen from the form of 


the Taylor series expansion. The convergence of the present method of finding solutions 
became slower and slower near B = 0, and it was necessary to stop at B = 0-18. 
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Since M = J/K?, where J is the kinematic momentum transfer, J must be posi- 
tive and larger than a critical value J) = 3-65K?. 

The velocity and pressure profiles are given in a series of figures. In figures 3-9, 
we see that the axial velocity at the axis is away from the point of singularity in 
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Figure 5. w-curve for A = 0 (vortex with a thin wire in the core). 
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most of the solutions. There is a solution (figure 5), however, in which the axial 
velocity at the axis of the core is precisely zero, and there is a range (A > 0) 
in which the velocity is toward the singularity. As A decreases from zero to 
—./2 there is a deficiency of velocity at the axis. This is finally wiped out for 
A < —,/2 and for larger A there is simply a thin upward jet in the vortex core. 
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FIGURE 6. w-curve: B = 1:10. 
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These features of the axial velocity profile are understandable from the view- 
point of energy variation. Thus, it is easily shown that if F is the total of pressure 
energy and kinetic energy, the energy variation following particles moving along 
the axis is dE 2K*%c3A (A? 

For example, when the velocity is away from the singularity (A < 0) and in the 
range A? < 2, the particle gains energy from its surroundings, as the faster 
moving fluid just out from the axis exerts a drag in the direction of the flow. 
When (0 < A < ,/2) the fluid moving toward the singularity is imbedded in fluid 
moving the other way. The result is a loss of energy to the surroundings. Trial 
integrations for A > ,/2 suggested that there is no branch of the A = A(B) curve 
for this range of A. 
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Figure 9. w-curve: B = 10-02. 
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Ficure 10. v-curve: B = 0-180. 


The theoretical behaviour of the axial velocity far from the axis is w > K/r,/2, 
and this was verified by all the numerical integrations. 

The circulating velocity curves (figures 10-13) are all similar. We see, however, 
in figure 13, that as B tends to infinity the swirling motion approaches solid rota- 
tion in the core, changing more and more abruptly to a vr-vortex outside. In all 
cases, of course, v -> K/r as r > 00. 
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The outward-motion curves or u-curves (figures 14-17) have two characteristic 
shapes. In all cases there is inward motion at the outer edges of the vortex, as 
indicated by the theoretical behaviour w—> —v/r, and outward motion in most 
of the vortex core. In some cases, however, as in figures 14 and 15, inward motion 
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can occur near the axis. It is important to notice, of course, that v and w are large 
and of the same order (~ K/r) while wu is extremely small in a well-developed 
vortex. 
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The pressure is determined completely by the centrifugal force in the boundary- 
layer approximation, so that it drops monotonically from zero outside to a 
negative minimum at the axis, as shown in figures 18 and 19. 

The radius of the vortex boundary layer, 6, is an interesting feature of the 
solution. Over the entire range of the numerical integrations, the value of x at, 
say, maximum 2, decreases only by a factor of 2 orso. If we neglect this variation 
we can write ~ (zv/K) c+. 


5. Vortices in confined fluids 


Intense vortices occur frequently in fluids. One kind is the ‘bathtub drain’ 
vortex which is characterized by the presence of a free surface, and is probably 
not related closely, if at all, to the vortex of this paper. Another is the vortex 
without free surface which has a rigid boundary like the bottom of the vessel in 


Ficure 20. Schematic picture of plate boundary layer. 


the experiment of figure 1. The latter may be closely related to the meteorological 
vortices, tornadoes, dust whirls and water spouts (if we adopt the virtual viscosity 
concept), although the atmospheric vortices are probably ‘buoyancy driven’ 
rather than ‘momentum driven’. Itseems very likely that tornadoes, forexample, 
are vr-vortices. We have at least one very reliable set of observations that indi- 
cates this, namely eight pressure observations in the outskirts of a tornado that 
passed through an NACA laboratory in Cleveland, Ohio (Lewis & Perkins 1953). 
They yielded the precise pressure distribution of a vr-vortex if we assume a 
balance of centrifugal and pressure gradient forces as in the vortex of this paper. 
The pressure observations were at the ground, and if we assume that they reflect 
the velocity of circulation in the free air, rather than in the ground boundary 
layer (as supposed by Lewis & Perkins) we obtain a reliable estimate of K of 
7:5 x 107 cm?/sec. 

We can imagine a schematic picture of flow from the plate or ground boundary 
layer in the experimental and geophysical vortices as in figure 20, and it is 
tempting to try to fit one of the theoretical vortices of this paper (A < —,/2) 
to this flow with a virtual source at some great distance below the plate. 
One would have to suppose that the velocity distribution as the fluid leaves the 
plate is nearly the same as in the infinite vortex at some definite section. 
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In fact this is far from the truth in the experiment. Measurements show, for 
example, that w drops off much faster than K/r,/2 at the outer edge of the core. 
We cannot hope, therefore, to get agreement between experiment and theory 
unless we compare them at such a great distance from the plate that the slight 
viscous effect will have enough time to cause a change of velocity distribution from 
that which the fluid has when it leaves the plate boundary layer to that which it 
has in the infinite vortex. A plausible estimate of this distance Az can be obtained 
by assuming that the theoretical vortex of this paper must suffer a change of 
radius Ad over this distance of the same order as the radius 6 itself just above 
the plate. Thus, from (6), we have Az/Aéd ~ 1/ec-t, and, putting Ad/d ~ 1, we get 
Az~ dlec-*. Since c+ ~ 1 and, in the experiment, 6 ~ lem, ¢ ~ 10-3, we would 
need a height Az ~ 10? cm before we could expect any significant effect of vis- 
cosity transforming the vortex into one resembling the theoretical vortex of this 
paper. A similar calculation for a tornado yields 10° cm, or about the depth of the 
troposphere, if we take ¢ = 10-*. The above reasoning indicates that the experi- 
mental vortex as observed in the laboratory is not a member of the family of 
vortices of this paper, and a separate theory is necessary to discuss its features. 
This may also be true of atmospheric vortices, at least near the ground. 
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A B ct A Bc A ct 
1:26 0-160 4-45 2:36 — 6-89 2-66 1:37 — 58-2 0-515 
1:24 0-180 4:35 2:34 — 7-11 2-70 1:36 — 59-0 
1-21 0-200 4-26 2-32 — 7:33 2-74 1-34 — 59-8 0-505 
1:19 0-220 4-18 2:30 — 7-56 2-78 1-32 — 60-6 
1:16 0-240 4-11 2-28 — 7-79 2-82 1-31 — 61-4 0-54 
1:13 0-260 4-04 2-26 — 8-03 2:86 1-29 — 62-2 0-494 
1-11 0-280 3-97 2:24 — 8-26 2-90 1-28 5:22 0-749 — 63-1 0-49 
1-08 0-300 3-90 2-22 — 8-51 2-94 1-26 5:27 — 63-9 Ou) 
1:05 0-320 3-84 2:20 — 8752-98 1:25 —-2 5-32 0-72 — 64-7 0-483 
1:02 0-340 3-78 218 — 9:00 3-02 1:23 5-37 0-72 — 65:5 0-48) 
0-360 3:73 —1-41 1:39 2:17 — 9-25 3-06 1:22 -—29-8 5-42 — 66-4 8-02 0-49) 
0-380 3:68 —1-44 1-40 2:16 — 9:50 3:10 1:21 —30-4 0-709 — 67-2 8-07 0-41 
0-400 3-62 —147 141 215 976314 119 —310 0-708 — 68-1 8-12 0-47 
0-420 3:57 —1-51 1-42 215 -—10-0 3:18 1:18 0-696 — 69-0 8-17 0-47 
0-440 3:53 —1:54 1-43 214 —103 3:22 117 —321 0-690 — 69-9 8-22 0-45) 
0-460 348 —1:57 144 213 —10-6 3-26 115 —32-7 0-684 — 70°7 8-27 0-467 
0-480 344 —1-60 1-45 212 -—108 3:30 1:14 —33:3 0-678 — 71-6 832 0-404 
0-500 3:39 —1-64 1:46 211 —11-1 3:34 113 —33-9 0-672 — 72:5 8-37 0-46) 
0-520 335 —1-67 147 210 338 —34:5 0-666 — 73-4 8-42 
0-540 3-31 —1-70 1-48 2:09 —11-6 3-42 —35-1 0-660 — 74:3 8-47 0-454 ; 
0-560 3-27 149 2-08 -—11-9 346 1:09 —35-7 0-655 — 75:2 8-52 0-45) ; 
0-580 3-23 —1-77 0 2-08 —12-2 3:50 108 —36-3 0-649 — 76-1 8-57 0-45) 
0-600 3:19 —1-84 2 2:07 —125 3-54 107 —37-0 2 0-644 — 77-0 8-62 0-449 
0-620 3:16 —1-90 2-04 —12-8 3:58 1:06 —37-6 6-07 0-639 — 77-9 8-67 0-445 
0-640 3-12 —1-97 6 2-02 3-62 1:05 —38-2 6-12 0-634 — 78-9 8-72 O-d4) 
0-660 3-08 —2-04 8 2-01 —13-4 3-66 1:04 -—38-9 6-17 0-628 — 79-8 8-77 0-44) 
0-680 3:05 —2-18 2 1-98 —13-7 3-70 1:03 —39-5 6-22 0-623 — 80-7 8-82 0-431 
0-700 3-02 —2-33 6 1:95 —14-0 3-74 1:02 —40-2 627 0-618 — 81-7 8-87 0-435 
0-720 2:98 —2-47 0 1-92 —143 3-78 1:01 —40-8 632 0-613 — 826 8-92 0-43! 
0-740 2:95 —2-62 4 189 —14-6 382 1:00 —41-5 637 0-609 — 83-6 8-97 0-43) 
0-760 2-92 —2-78 8 1:87 —14-9 3-86 0-990 -—42-1 6-42 0-604 84-5 9-02 0-42 
0-780 2:89 —2-93 2 183 —15-2 3-90 0-981 —428 647 0-599 — 85:5 9-07 0-425 
0-800 2-86 —3-09 1:86 180 —15-6 3-94 0-971 —43-5 6-52 0-595 — 86:5 912 0-42 
0-820 2-83 —3-25 1:90 1-76 —15-9 3-98 0-962 —44-2 657 0-590 — 87:5 9-17 0-42) 
0-840 2-80 —3-42 1:94 1-75 —16-2 4-02 0-953 -—44-9 662 0-586 — 88-5 9-22 0-418 
0-860 2-77 —3-58 1-98 1-72 —16-6 4-07 0-942 -—45-6 6-67 0-581 — 89-4 9-27 O-4li 
0-880 2-75 202 1-70 —17-1 4:12 0-931 672 0-577 — 90-4 9-32 0-41] 
0-900 2:72 —3-93 2-06 168 —17-5 4:17 0-921 —47-:0 677 0-572 91-4 937 0-41) 
0-920 2-69 —4:10 2-10 1:65 —17-9 4:22 O-911 —47-7 6-82 0-568 — 92-4 9-42 0-400 
0-940 2-66 -—4-28 2-14 1:63 —18-4 4:27 0-900 —48-4 6-87 0-564 — 93-5 9-47 0-404 
0-960 2-64 —4-46 2-18 161 —18-8 4:32 0-891 —49-1 6-92 0-560 — 94:5 9-52 0-40 
0-980 2-61 2-22 1-58 —19-2 4:37 0-881 -—498 697 0-556 — 95:5 9-57 0-402 
3 1:00 2:59 —4-84 2-26 1:56 —19-7 4-42 0-871 —506 7-02 0-552 — 96-5 9-62 0-400 
1:02 256 —5:03 2:30 1:54 —20-1 4:47 0-862 —51-3 7-07 0-548 — 97-6 9-67 0:39 
1-04 254 —5-22 234 1:52 -—20-6 4:52 0-853 —52-1 7-12 0-544 — 98-6 9-72 0-39 
1:06 252 —5-42 238 1:50 —21-1 4:57 0-844 —52-8 7-17 0-540 — 99-7 9-77 0-304 
1-08 249 242 1-48 -21-6 4-62 0-835 —53-6 7-22 —100-7 9-82 0-392 
1:10 247 —5-82 246 1:46 -—22-0 4-67 0-827 —54:3 7-27 —101-8 9-87 0-390 
112 245 -—603 2:50 144 -—22-5 4-72 0-818 —55-1 7-32 —102-8 9-92 0-388 
1:14 2-42 —624 2-54 1:43 -—23-0 4-77 0-810 —55-9 7-37 —103-9 9-97 0-385 
1:16 240 -—645 2-58 1:41 -—23-5 4-82 0-802 -56-6 7-42 0-383 
1:18 2-38 —6-67 2-62 1:39 —24-0 4-87 0-794 -—57-4 747 = 


Plate 1 


Figure | (PLare 1). Experimental vortex. This vortex is created by withdrawing water 
from the axis of a rotating vessel 1 m high and 30 em in diameter. The sink is just below the 
free surface at the top of the figure. The motion near the axis is one of strong rotation super- 
imposed on a strong motion toward the sink. This is indicated by the spiral nature of the 
streaks on the !-second time-exposure caused by the aluminum tristearate tracer. The 
vortex extends to the bottom of the vessel where there is a layer of particles. This explains 
the dense collection of particles near the axis. 
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The amplification of a weak applied magnetic field by 
turbulence in fluids of moderate conductivity 
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The effect of turbulence on an applied magnetic field is considered in the case 
when the magnetic Reynolds number R,, is large compared with unity but small 
compared with the ordinary Reynolds number RF of the turbulence. When the 
applied field is sufficiently weak, it is argued that its effect on the velocity field 
is negligible. The equation for the field is then linear and its spectrum may be 
obtained throughout the equlibrium range of wave-numbers. It appears that the 
spectrum increases as ki up to a wave-number k, marking the threshold of con- 
duction effects, and falls off as k~s beyond k,. The net effect of the turbulence is 
expressed in terms of an eddy conductivity equal to R;? times the electrical 
conductivity of the fluid. The effect of magnetic forces when these are not 


negligible is also tentatively considered. 


1. Introduction 

The behaviour of a magnetic field in a turbulent conducting fluid is largely 
determined by the relative magnitudes of the Reynolds number # and the mag- 
netic Reynolds number R,, of the turbulence. These may be defined in terms of 
the root-mean-square velocity w’ and a length L characteristic both of the energy- 
containing eddies and, it may be supposed, of any large-scale maynetic field 
disturbance (or magnetic eddies) that may be present. Thus 


R=w'L)p, (1.1) 
and R,, = 4apou'L = w'L]A, (1.2) 


where pv is the kinematic viscosity of the fluid, and , o and A are its permeability, 
conductivity and magnetic diffusivity, respectively. Throughout this work, we 
shall suppose that F is at least five or six orders of magnitude greater than unity. 

When R,, > R (i.e. A < v), any weak random magnetic field is intensified by 
the action of the turbulence; indeed its mean-square value increases exponen- 
tially until magnetic stresses react back upon the velocity field (Batchelor 1950). 
At the other extreme, when R,, < 1, i.e. ina weakly conducting fluid, conduction 
effects are dominant at all length scales, so that any random field will rapidly 
decay to zero. Steady conditions are possible, however, if a large-scale magnetic 
field is maintained by externally applied electromotive forces. The turbulence 
will then give rise to small fluctuations in this field whose spectral properties will 
be closely related to the turbulent spectrum and whose level will be controlled by 
the small conductivity of the medium. Golitsyn (1960) has recently analysed 
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the particular case of turbulence of a weakly conducting fluid in a uniform mag- 
netic field, and has obtained the anisotropic spectrum of the small-scale field 
fluctuations that are induced. 

There remains the possibility, which we investigate in this paper, that 


1<k, <P. (1.3) 


This is the case of moderate conductivity which may well arise in problems of 
astrophysical and geophysical interest. The condition implies that A > v, so 
that, according to Batchelor, random magnetic field perturbations decay to zero 
in the absence of electromotive forces. The reason for this is that conduction 
effects become important at a length scale ], large compared with the length scale 
L, of the smallest turbulent eddies at which viscous dissipation begins to pre- 
dominate. The lines of force of any magnetic field disturbance on a length scale 
larger than J, are, to a good approximation, carried with the fluid so that initial 
intensification may result. But such a field is presumably distorted by the smallest 
velocity eddies and broken up into components much smaller than J, which must 
ultimately decay to zero through the predominant conduction effect. Again it 
appears that a steady spectrum can be maintained only if externally applied 
electromotive forces are present. We shall suppose that these generate, on the 
scale L, a magnetic field H)(r) which is distorted by the turbulence, intensifica- 
tion through the stretching mechanism occurring at length scales larger than 
1,, with conductive decay at length scales smaller than J. 

It will be possible to neglect the back-reaction of the magnetic field on the 
velocity fieid provided the mean magnetic energy generated is small compared 
with the kinetic energy of those eddies whose scale is small compared with J, itself 
a factor R less than the total kinetic energy of the turbulence (see §4). Since 
the equation for the magnetic field is linear, the magnetic energy will be propor- 
tional to H2 (and probably larger than H? in view of the initial intensification). 
We shall therefore suppose that 1? is sufficiently small for us to neglect the back- 
reaction, although we may later examine, at least qualitatively, departures from 
this condition. 

Under the conditions outlined above, the statistical properties of the small- 
scale motion, characterized by wave-numbers k large compared with 1/Z, are 
according to Kolmogorov’s theory, steady, isotropic, and determined solely by 
the parameters v and ¢, the rate of dissipation of kinetic energy per unit mass. The 
justification for these claims is that R is large compared with unity. Since R,, 
is likewise large compared with unity, the statistical properties of the small-scale 
magnetic field are, to the same approximation, steady and isotropic, though they 
may depend upon certain field parameters (e.g. A) in addition to v and e. 

A problem closely related to that under consideration was studied by Batchelor, 
Howells & Townsend (1959) who obtained the spectrum, at high wave-numbers, 
of a dynamically passive scalar solute 0 under the combined action of convection 
and diffusion at small Prandtl number. It is interesting to note that the magnetic- 
field spectrum that we shall obtain in the following sections is identical with 
the spectrum of V@, although the underlying kinematical reasoning is not the 
same in the two cases, since H and V@ do not satisfy the same equations. 
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It is perhaps worth stressing at the outset that we are assuming that the level 
of the magnetic spectrum can be controlled by ohmic conduction, even though 
this predominates only at higher wave-numbers, simply because the intensifica- 
tion through stretching of lines of force is associated with a decrease of scale, 
i.e. the magnetic energy may be increased but is necessarily directed towards 
the ohmic sink at high wave-numbers at the same time. Some other authors 
(e.g. Biermann & Schliiter 1951) have taken the view that the increase of field 
intensity at low wave-numbers may continue until equipartition with the kinetic 
energy at the same length scale is established. However, the results that we shall 
derive are entirely consistent with our assumption which we therefore retain 
with some confidence. 

It is easy to see why ohmic conduction does not necessarily control the magnetic 
spectrum level in the case of high conductivity when A < v. For in this case, the 
conduction length scale J, is much smaller than the viscous length scale /,, so that 
the magnetic field cannot be broken up by turbulent eddies into small components 
at which conduction dominates. Indeed it can only be broken down into loops 
of size O(1,,) at which the small-scale straining motion is very efficient at intensi- 
fying the field. But to pursue this argument is not the purpose of the present 


paper. 


2. The magnetic energy spectrum in the range 1/L < k < (¢/A°)! 
The viscous cut-off wave-number /,,, depending only on ¢€ and », is well known 

to be, in order of magnitude, 

k, = Is} = (e/v)t. (2.1) 
Similarly the conduction cut-off ,, which is small compared with /, and cannot 
therefore depend on v, can depend only on ¢ and A and is therefore given by 

k, = Iz} = (e/A8)t. (2.2) 
We shall suppose that < (2.3) 


so that we may consider separately two subranges of the inertial range of wave- 
numbers, 

subrange A: 1/L <k<k, and survange B:k, <k < k,. (2.4) 
recognizing that if either of the inequalities of (2.3) fails to obtain, the correspond- 
ing subrange simply shrinks to zero. Since ¢€ is given by the semi-empirical 
relation enw, (2.5) 


the condition (2.3) is tantamount to the condition 
1< Rh < Ri, (2.6) 


a more exacting requirement than we anticipated in (1.3). In subrange A the 
magnetic energy spectrum is in a state of dynamic balance under the influence 
of the convection and consequent stretching of lines of force alone; we shall 
proceed to determine its form in this section leaving until §3 the study of sub- 
range B in which conduction plays an important part. 
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Let us start from the observation, first made by Batchelor, that in a fluid 
for which A = v, the equations for the rates of change of magnetic field H and 
vorticity w = Vau are formally identical, namely 


cH/ct+u.VH = H.Vu+AV°H, (2.7) 
and Cw/ct +u.Vwo = (2.8) 


Thus, if H = Cw at any time, where C is a suitably small dimensional constant, 
so that the neglect of the Lorentz-force term in (2.8) is justified, then H will 
remain equal to Cw at all subsequent times. In this case therefore all statistical 
properties of H and w will be identical, and in particular their spectra will have 
the same dependence on wave-numbers for k > L-1. If the turbulence arises 
from some instability of a large-scale flow whose vorticity coincides with an 
applied magnetic field, then it is clear that the small-scale vorticity and magnetic 
field that are generated must also coincide. 

Now if it is true that the statistical properties of the small-scale motion and 
field are independent of the large-scale specification, then under statistically 
steady conditions, for k > L-', and in a fluid for which A = 1, the statistical pro- 
perties of any magnetic-field distribution are presumably the same as those of 
the particular field that coincides with the vorticity field. Hence the spectrum 
[,,(k) of H, defined for an isotropic, solenoidal field by the equations 


has the dependence, like the vorticity spectrum, 
for <k<k,. (2.10) 


If now the ratio A/v is increased, so that &, decreases relative to k,,, the magnetic- 
field spectrum will be modified, but only over that part of wave-number space in 
which conduction effects are relevant, i.e. k > k,. The relation (2.10) is unlikely 
to be altered throughout its stated range, although we might anticipate a fairly 
rapid cut-off for k > k,, due to the rapid smoothing out of small-scale variations 
by conduction. 

Since the foregoing argument may not carry complete conviction, it may be 
as well to supplement it with another which leans less heavily on the analogue 
with vorticity. The following argument employs the vector potential A(r, t) 


defined by (2.11) 
It is readily shown, from Maxwell’s equations and Ohm’s Law that A satisfies 
the equation 


where ¢ is the electrostatic potential. The curl of this equation gives equation 
(2.7) for H. If we now multiply (2.12) scalarly by A;, average over ensembles, 
and use the property of homogeneity (by which the divergence of any quantity 
vanishes on averaging), we obtain without difficulty 


dA2/dt = —2A,A; (du,/éx;)— 2A(VA,)*. (2.13) 
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It is easily shown that the spectrum of A, [’ ,(k), defined by a pair of equations 
similar to (2.9), is by virtue of (2.11) related to ',,(&) by 


= 4(k). (2.14) 


It is reasonable to suppose that T’,,(k) varies as some power n of k in subrange A. 
We shall prove that ifn lies between — 1 and 1, then it necessarily has the value }. 


For in these circumstances, }H? = | ,,(k) dk is determined largely by values 
0 

of I’,,(k) in the neighbourhood of k = k,, whereas 4.4? = dk is determined 
0 


by values of [',(k) in the neighbourhood of k = L~! since Tl. ,(k) by hypothesis 
falls off more rapidly than k-! for k > L-. In this sense, it is true to say that the 
wave-number ranges determining A? and H? do not overlap, provided R,, is 
large enough. Let us denote by y the total rate of generation of contributions 
to A? (or ‘A?-stuff’) including generation by electromotive forces (not repre- 
sented in equation (2.13)) and by interaction with the turbulence, represented 


_G{A} = (2.15) 
of equation (2.13). Under steady conditions, equation (2.13) then gives 
x = 2a(VA,)?. (2.16) 


Thus, A?-stuff is generated at a rate y at wave-numbers of order L-!, and is 
destroyed at a rate y at wave-numbers larger than k,. It is therefore transferred 
at a rate y through the spectrum which is therefore determined in subrange A 
solely by the parameters y and e. The dependence of I’ ,(/) on y must be mere 
proportionality because of the linearity of the equation for A, and dimensional 
analysis now gives ,(k) (x/e3) k-3, so that T,,(k) (x/et) ke. 

Now n cannot be less than — 1; for if so, we could apply the above argument to 
both T',,(k) and T',(k), proving that both these spectra have the dependence 
k-5, contrary to equation (2.14). Moreover, it is extremely unlikely that n should 
be greater than 1; no physical argument can be found to support such a rapid 
increase with k. Hence we are again led to the result (2.10). 

It is interesting to note the resemblance between equation (2.13) and the 
equation for rate of change of H? derived from equation (2.7), namely 


dH? /dt = G{H} — 2A(VH,)?, (2.17) 
where G{H) = 2H, 


The term G{H}, representing the generation of magnetic energy by the turbulence, 
is of vital importance in determining the spectral properties of H. This is because 
considerable vorticity is associated with the wave-number region near &, (since 
k, > L-) in which the magnetic energy is concentrated. The same cannot be 
said of the term — {A} in relation to the A-spectrum, since there is very little 
vorticity associated with wave numbers of order L~! at which I ,(/) is maximal, 
a comment best expressed by the inequality 


G{A}/G{H} < A2/H?. (2.18) 
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3. The magnetic energy spectrum in the range k, <k <k, 

In this section we shall follow the method of Batchelor et al. (1959) to determine 
the spectrum in subrange B. The Fourier transforms of the fields u and H may 
be defined by the equations 


u(r) = pik) H(r) = etk-t dk, (3.1) 
where p(k) and q(k) have the solenoidal property 
k. p(k) = k.q(k) = 0. (3.2) 


The Fourier coefficients p,;(k) and q¢,(k) are related to the kinetic-energy spectrum 
E(k) and the magnetic-energy spectrum ['(k) (dropping the suffix H) by the equa- 
tions 


ky, 


where the star indicates a complex conjugate. 
In terms of the Fourier coefficients, equation (2.7) may be written 


if kip(k—k’) 9,(k’)dk! = i | kiq(k—k") p,(k") dk” —Ak*g,(k). (3.4) 


In the integral on the right-hand side, it is expedient to change the variable of 
integration by writing k’ = k—k’, dk’ = —dk’. Using the fact that k/,9¢,(k’) = 0, 
equation (3.4) becomes 


| [ki p(k —k’) q,(k’) +k; (k —k’) q,(k’)] dk’ —Ak*q,(k). (3.5) 


The immediate aim is to convert this equation to one relating ['(k) and E(k) 
by means of equations (3.3). The result of this manipulation will be found in 
equation (3.10). 

Let us focus attention on values of k in subrange B, i.e. those satisfying 


<k < ky. (3.6) 


The integral in (3.5) is over all wave-number space; but since we expect that 
q;(k’) will decrease rapidly as k’ increases beyond k,, because of the predominating 
influence of conduction, the integral will be dominated by the contribution from 
the range k’ < k,, that is, using (3.6), from values of k’ satisfying k’ < k, or 


equivalentl 
< |k—k’|. (3.7) 


This argument was given by Batchelor ef al., only the first summand of the 
integral in (3.5) appearing in their context. They moreover gave arguments which 
also carry over to the present case to show that the time derivative in (3.5) 
just balances the small contribution to the integral from values of k’ near k, 
and that both may therefore be neglected. 
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It then follows from (3.5) that 


{ki ky. p(k —k’) pk (k— k") q;(k’) 
+ kik, —k’) p¥(k—k") q,(k’) 
+k, ky, pj(k —k’) —k”) 
+k; ky, —k’) p¥(k—k”) q,(k’) dk’ dk”. (3.8) 


This double integral is dominated by contributions from the range for which 
(k',k”) < (|k—k’|, |k—k"|), and in this range the statistical connexion between 
the p’s and q’s of (3.8) is slight. Hence, for example, 


The orthogonality of the coefficients, 
p(k —k’) = p(k —k’) —k’) 6(k’ —k"), 
now allows a trivial integration throughout the k”-space. Further, since k’ < k, 
and p,(k) decreases slowly compared with q;(k) in the range (3.6), we may replace 


p;(k —k’) p*(k —k’) by p,(k) pi(k), which may now be brought outside the integral. 
These simplifications reduce (3.8) to the form 


+k; kyp,(k) (3.9) 


Now 


| (k’) dk’ = H,; = H;~— a, = 0, by homogeneity. 


Hence the second term of (3.9) vanishes. Also 


by the isotropy of the small-scale magnetic ai and 
ak’ = = 


Using these results and equations (3.3), the relation between E(k) and I(k) 
follows in the form 


AKAD (k) = LE(k) (VH,)? + E(k) AP. (3.10) 


The interpretation of this equation is as follows. Part of the magnetic energy 
in the wave-number range (k,k+dk) is derived from the simple interaction of 
velocity components of wave-number k with an effectively uniform field gradient 
{(VH,)?}*. This is exactly as for the scalar spectrum, and corresponds to a transfer 
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of magnetic energy down the spectrum. The other contribution to (4) is a direct 
transfer from kinetic energy of wave-number k through the action of velocity 
gradients (i.e. rates of strain) on an effectively uniform field of magnitude 

Now we may estimate the value. of (VH,)? in terms of H? as follows. 


Kee 
= (k) dk = (k) dk + | (k) dk. 
0 0 


In the first integral the integrand is increasing throughout most, if not all, of the 
range; in the second it is decreasing throughout the range. The integrals converge 
at the origin and at infinity, respectively. They are therefore determined by the 


(a) 


(b) 


4 


k. 
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FicurE 1. Wave-number dependence of magnetic energy spectra (on logarithmic scale), 
(a) when 1 < R,, < R, and (b) when R,, < 1. The slope is represented by the letter s. The 
dotted curve in (a) represents the cut-off of the spectrum of the applied magnetic field 
H,(r). 


value of the integrand at k, and may both be approximated by the expression 
kK3T(k,), neglecting numerical constants. Similarly 4H? = [raat may be 


approximated by k,T'(k,). Hence (VH;)? = k2H?, so that the second term on the 
right of (3.10) is the larger for k > k,. Hence, neglecting the first term, and using 
the Kolmogorov expression for E(k), valid in the range considered, 


E(k) x (3.11) 
we find, for the magnetic spectrum, 
T(k) ~ for ke <k <k,. (3.12) 


This spectrum does fall off rapidly compared with the energy spectrum E(k) 
in the same range as we were led to presuppose. 
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It is illuminating to compare this result with the work of Golitsyn (1960) 
who found a similar k~’s 


3 law, modified by an anisotropic factor, for the spectrum 
of small-scale field variations induced by turbulent motion in a uniform applied 
field. He used a perturbation method, supposing that the field fluctuations are 
always small compared with the applied field, a situation that would seem to 
persist only when R,, < 1. In Golitsyn’s case, the lines of force at any instant 
would be approximately straight with small fluctuations. In the case R,, > 1, 
the lines of force will be randomly oriented, and approximately uniform with 
small fluctuations through each region of fluid of dimension /, = (A3/e)!. The 
spectrum of the small-scale fluctuations within each such region could be 
determined by Golitsyn’s method, introducing an anisotropic factor for each 
region. When we average over all the regions, the anisotropic factor disappears, 
and we are left with the isotropic law (3.12) that we have already determined by 
an independent method. The magnetic-field spectra in the two cases are sketched 


in figure 1. 


4. Conclusions 


Since the spectra (2.10) and (3.12) must agree in order of magnitude at k = k,. 
and since the dimensionless constant must be chosen so that 


= “T(k) dk, (4.1) 
0 
they may be written in the form 
D(k) = tk! <k <k,), (4.2) 


It may fairly be supposed that I'(k) does not behave too erratically for k < L~, 
and that it falls off very rapidly for k > f,,. 

We may deduce a rough rule for computing the net effect of the turbulence on 
the magnetic field as follows. In the absence of the turbulence, only the large-scale 
magnetic field distribution H,(r) would be present, with a mean-square value of 
approximately 

= | T(k)dk = LT(L-). (4.4) 

0 
If we suppose that the spectral law (4.2) is valid, at least in order of magnitude, 
right up to k = L~', then, using equations (1.2) and (2.5), equation (4.4) becomes 


IP =2R 


(4.5) 
indicating the extent to which turbulence at large magnetic Reynolds number 
increases the mean-square field intensity (provided always that R,, < R). 

The extent to which the dissipation of energy by ohmic heating is increased 


may also be readily calculated. Thus if 
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is the dissipation in the absence of turbulence and 
2D (k)dk = AT (4.7) 
0 


is the increased dissipation under turbulent conditions, then 
D = Ri. Dy. (4.8) 


This result may be interpreted in terms of an eddy conductivity o,, defined so 
that the total dissipation, by analogy with (4.6), is given by 


D = (4mpo, T(L-). (4.9) 
Then evidently 7, may be expressed in the equivalent forms 
o, = = (4.10) 


indicating, first, the strong dependence of 7, on R,,, and secondly, the anomalous 
effect, already noticed for a scalar spectrum, that increase of o, keeping other 
parameters constant, induces a decrease in o,, simply because the conduction 
cut-off /, is raised so that more thorough mixing of the magnetic field is possible. 
As we stated at the outset, we have assumed throughout that the mean mag- 
netic energy per unit mass  H2/47p must be small compared with the kinetic 
energy per unit mass of the small-scale motion. By dimensional reasoning, this 
latter quantity is of order of magnitude (ev), which, by equations (1.1) and (2.5), 
is of order R-} times }w’?, the total kinetic energy per unit mass, as stated in the 
introduction. Using (4.5), this places the following restriction on the magnitude 
2 
wH/4np < w?/R,, Rd. (4.11) 
It is not difficult, however, to visualize how our results must be modified if 
this condition is violated. The field, approximately uniform over a region of 
dimension k;1, will tend to extinguish any eddies of smaller scale whose energy 
it exceeds (cf. the experiments of Murgatroyd 1953). Now the energy per unit 
mass of Fourier components of the motion of wave-number greater than k is 
approximately e#k-3. Let us define a wave-number k, by the stipulation that 
the motion consisting of eddies of wave-number greater than k, should have 
approximately the same energy density as the total magnetic field. If k, > k,, 
we have the situation already described wherein the applied field is very weak. At 
the other extreme, if k; < L~', we have the case of a field strong enough to 
suppress the turbulence completely. In the intermediate case, when L-! < k, < k,,, 


so that k, is given by = (4.12) 


the effect of the field will be to suppress eddies of wave-numbers large compared 
with k,. If ky > k,, both the kinetic and therefore magnetic energy spectra may 
thus be expected to fall off very rapidly for k > k,. If k, < k,, equipartition of 
energy between kinetic and magnetic modes will probably be established at all 
wave-numbers greater than k,, both spectra falling off rapidly in the range of 
ohmic dissipation, k > k,. These observations are sketched schematically in 


figure 2. 


Amplification of a magnetic field by turbulence 


(a) 
Ss 
~# 
s 
ct 
ke ky 
(d) 
(h)/4ap 
ky ky 


Figure 2. Schematic illustration of the possible effect of magnetic stabilizing forces on 


kinetic and magnetiz spectra in the two cases: (a) ky > k,, (b) ky < k,. 


It is a pleasure to record my thanks to Dr G. K. Batchelor for the stimulating 


discussions that I have enjoyed with him on the subject of this paper. 
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REVIEWS 


Field Computations in Engineering and Physics. By A. Tuom and C. J. 
APELT. London: Van Nostrand. 165 pp. 30s. 


This book is primarily concerned with the numerical solution of Poisson’s 
equation (including Laplace’s equation as a special case) and the biharmonic 
equation. The procedure of obtaining such solutions falls into two distinct parts: 
first, the formulation of whatever finite-difference approximations to the 
differential equations it is intended that the solution-values shall satisfy; 
secondly, the determination of the solution-values which do satisfy those 
approximate relations. A considerable list of books and papers could be com- 
piled on the use of relaxation methods to perform the same functions, and it is 
therefore of interest to discover in what respects the so-called ‘method of 
squares’ used by the authors differs from the methods of relaxation. It would 
seem that, whereas those who advocate relaxation have developed a fairly rigid 
system for the formulation of their finite-difference approximations but have 
taken great care to emphasize the advantages of flexibility in their techniques 
for solving the consequent relations, Thom and Apelt, on the other hand, have 
introduced flexibility into the choice of approximations but retained a rigid 
process of solving the resulting equations. Thus, in dealing with Laplace’s 
equation, we find on page 30 six alternative finite-difference approximations 
quoted for use at a typical node of a square mesh. The choice of which formula 
is used is left to the operator, and the principles on which his choice is made at 
times appear to be somewhat ad hoc. The method of solving the chosen approxi- 
mations is that of systematically scanning the nodes of a square mesh covering 
the area of integration: the function-value at each node in turn is corrected to 
ensure current satisfaction of the finite-difference equation associated with the 
node. 

The method is basically slow and relies for its usefulness on speeding-up 
devices, a leading one of which is described as the technique of ‘differences’. 
This technique consists of recording the increments applied at each node in the 
scanning process; the increments of successive scans are then evaluated by 
simple arithmetical operations on the last recorded previous increments. The 
method thus avoids keeping any record of the residual errors; this is singularly 
unfortunate because only the eventual evanescence of all residuals really 
confirms that a solution has been achieved. A check on the first solution 
presented in the book—a boundary-value solution of Laplace’s equation in- 
volving but nine internal nodes—reveals five residuals which could be further 
liquidated, one of them as large as — 47. The last significant figure quoted in the 
nodal solution-values are thus not correct. The error is presumably caused by 
an accumulation of rounding-off errors, and on a large problem these might well 
assume serious proportions. 

The authors state their opinion that their methods are ideally suited to 
electronic digital computation. The present reviewer thinks that this opinion 
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should be treated with the utmost reserve, believing that in the long run direct 
methods of solving the simultaneous equations involved will always turn out 
to be more profitable with an electronic computer than any iterative method. 


D. N. pe G. ALLEN 


Aerofoil Sections. By F. W. Riecets. Translated from the German by D. G. 
Ranpauu. London: Butterworths, 1961. 281 pp. £10. 


This is a translation of Aerodynamische Profile, published in German in 1958. 
The translation is good, following the German text closely but not too literally. 
The book deals only with the properties of aerofoils in two-dimensional flow, 
although many of the results given have been derived from experiments on 
aerofoils of finite aspect ratio. The emphasis is on flow at low Mach numbers, 
but some results are also given for high subsonic and supersonic speeds. 

The most useful part of the book consists of about 150 pages of tables and 
graphs giving shapes and aerodynamic properties of aerofoil sections. The main 
families of aerofoils that are included are the early G6ttingen series, the NACA 
four-figure and five-figure series and the DVL extensions of these, and the later 
NACA 6-series. Some other miscellaneous aerofoils are also included, bringing 
the total up to about 500 different aerofoils. The aerodynamic properties that 
are given include theoretical and measured pressure distributions, C,, Cp and C, 
as functions of Cp Cpmin> Cmo: ,/d&, no-lift angle, design and position 
of aerodynamic centre (not all these properties are given for all the aerofoils). 
Some results with high-lift flaps and at high subsonic and supersonic speeds are 
also included. Many of the results have been obtained from early wind-tunnei 
tests at rather low Reynolds numbers, but for some purposes this may be no 
disadvantage and may even enhance the usefulness of the book, since such 
aerofoil data are often difficult to find in other publications. The high turbulence 
of the stream in many of the early wind tunnels introduces a serious difficulty, 
and the values given for quantities such as C, and Cmax, Which are known to be 
sensitive to turbulence, should be used with caution. 

The tables and graphs of aerofoil data will be useful to anyone who is con- 
cerned with the application of aerofoils in any form. Unfortunately the reader 
may in some cases have difficulty in understanding the conditions under which 
particular experimental results were obtained. For example, there are a few 
cases in which the Reynolds number is not given, and there are some tables 
which apparently refer to tests in water with cavitation, although this is not 
stated. 

The tables and graphs that have been described are preceded by about 100 
pages of introductory text. This starts with a brief account of the main families 
of aerofoils, giving an explanation of the notation used in specifying the 
members of each family. In the next chapter there is a short description of some 
of the wind tunnels from which test results have been taken. This should 
certainly not be regarded as a survey of the World’s wind tunnels; indeed most 
of the good modern tunnels are not mentioned, and many of the tunnels that 
are included are obsolete or have even been demolished. Nevertheless, the 


’ 
1s 
S: 
he 
y; 
se 
n- 
1S 
of 
d 
d 
e 
S 


638 Reviews 


section will serve a useful purpose if read carefully in conjunction with the test 
data of the tables and graphs. 

The discussion of wind-tunnel turbulence and its effects is based mainly on 
critical Reynolds numbers for spheres and is really obsolete. A reader who 
relied on this discussion for his knowledge of the subject might be seriously 
misled. 

In the next chapter the author gives some concise general information about 
the properties of aerofoils, with typical values of quantities such as Cymax; 
dC ,/da and Cpmin- This is followed by a brief account of effects of roughness and 
cavitation, and a very short chapter on flaps. 

The next chapter, on boundary-layer control, is so much out of date that its 
only interest is historical. The important developments made in this field in the 
last ten years have been almost completely ignored. 

The remainder of the introductory text consists of two short chapters on 
aerofoil theory and two more on effects of viscosity and compressibility. In the 
former chapters there is an outline of thin-aerofoil theory, giving some of the 
more important results. The basis of Theodorsen’s method is also described 
briefly, but the important later work of Goldstein, Lighthill and Thwaites is 
dismissed in a sentence. 

The chapter on viscous effects gives a brief review of methods of calculating 
the flow in a boundary layer and the profile drag of an aerofoil. There is also a 
short discussion of boundary-layer stability and the problem of predicting 
transition. The section on maximum lift is poor; only turbulent separation is 
considered and there is no mention of ‘short’ and ‘long’ bubbles. The work of 
Preston on the effect of the boundary layer on lift is ignored. 

In the short chapter on compressibility effects, there are satisfactory outlines 
of subsonic and supersonic linearised theory and of transonic similarity theory. 
The short section on transonic flow with shock waves is based mainly on work 
done during the war and is now out of date. 

As already stated, the tables and graphs form the most useful part of the 
book. Because of the tendency to emphasize German work at the expense of 
that done in England or the U.S.A., the book is not ideal as a single source of 
data, but it will form a most useful complement to the well known Theory of 
Wing Sections by Abbott and von Doenhoff. W. A. Marr 
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THIRD INTERNATIONAL SYMPOSIUM ON 
RAREFIED GAS DYNAMICS 


This symposium will be held at the University of Paris, June 26-29, 1962, and 
will be similar in scope and purpose to the first (Nice, 1958) and second (Berke- 
ley, 1960) symposia with corresponding titles. 

The programme will range from topics of immediate significance for upper 
atmosphere and space flight to basic scientific studies and will include the 
following areas: 


Studies of the limits of the continuum theory or the quasi-equilibrium 
kinetic theory of gases 


Problems in kinetic theory of gases, particularly attempts to solve the 
Boltzmann equation 


Free-molecule and near-free-molecule flow in neutral and ionized gases 


The physics of surface interactions between gases and solids 


Boundary conditions for rarefied gas equations, and slip flow 


Experimental techniques and instrumentation developments bearing 
on the above, whether applied to laboratory or field experiments 


Edmond A. Brun (University of Paris) and Immanuel Estermann (Office of 
Naval Research, London) will act as co-chairmen; the editorial committee will 
be headed jointly by P. Germain, Paris, and L. Talbot, Berkeley. A call for 
papers will be distributed later. 

Inquiries from the U.S. should be addressed to L. Talbot, Department of 
Aeronautical Sciences, University of California, Berkeley, and from Europe to 
Laboratoire d’Aerothermique, 4c, route des Gardes, Meudon (S & O), France. 
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